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Abstract

Riemann—-Roch Theorems in Gromov-Witten Theory

by

Thomas Henry Coates

Doctor of Philosophy in Mathematics

University of California at Berkeley

Professor Alexander Givental, Chair

Gromov—Witten invariants of a compact almost-Kéhler manifold X are intersection num-
bers in moduli spaces of stable maps to X. These spaces, introduced by Kontsevich, are
compactifications of spaces of pseudo-holomorphic maps from marked Riemann surfaces to
X. Gromov-Witten invariants encode information about the enumerative geometry of X —
roughly speaking, they count the number of curves in X which pass through various cycles
and satisfy certain conditions on their complex structure. These invariants have important

applications in both symplectic topology and enumerative algebraic geometry.

In this dissertation we use various Riemann—Roch theorems, together with Givental’s for-
malism of quantized quadratic Hamiltonians, to develop tools for computing Gromov—
Witten invariants and their generalizations. As a consequence, we obtain a new proof of
the Mirror Conjecture of Candelas, de la Ossa, Green and Parkes, concerning the genus-0

Gromov-Witten invariants of quintic hypersurfaces in CP*.

Following Kontsevich, we introduce a notion of Gromov-Witten invariant twisted by a
holomorphic vector bundle £ over X and an invertible multiplicative characteristic class
c. Special cases of this construction are closely related to Gromov—Witten invariants of

hypersurfaces and to local Gromov—Witten invariants (these measure the contribution to



ii

the Gromov—Witten invariants of a space Y coming from curves in a neighbourhood of a
submanifold X', where the normal bundle to X in Y is E). We express all twisted Gromov—
Witten invariants, of all genera, in terms of untwisted Gromov—Witten invariants. This
result (Theorem 1) is a consequence of the Grothendieck—Riemann—Roch formula applied

to the universal family of stable maps.

As an application, we obtain the Quantum Lefschetz Hyperplane Principle (Theorem 2
and Corollary 5). This determines genus-0 Gromov—Witten invariants of a large class of
complete intersections in terms of genus-0 Gromov—Witten invariants of the ambient space.
It is more general than earlier versions, due to Givental, Kim, Lian—Liu—Yau, Bertram, Lee
and Gathmann, as it applies to complete intersections of arbitrary Fano index and does not
require “restriction to the small parameter space”. In particular, this gives a new proof of
the Mirror Conjecture of Candelas et al.. We also establish “non-linear Serre duality” in a

very general form.

Tangent-twisted Gromov—Witten invariants are intersection numbers involving character-
istic classes of virtual tangent bundles to moduli spaces of stable maps. They give a rich
supply of symplectic invariants of X. We determine all tangent-twisted Gromov—Witten
invariants, of all genera, in terms of untwisted Gromov—Witten invariants. A key step is
to interpret tangent-twisted Gromov—Witten invariants in terms of Gromov—Witten invari-
ants with values in complex cobordism. We extend Givental’s quantization formalism to
the cobordism-valued setting, and combine this with various Riemann—Roch calculations
to give a formula (Theorem 3) expressing cobordism-valued Gromov—Witten invariants in
terms of usual (cohomological, untwisted) Gromov—Witten invariants. This determines all
Gromov—Witten invariants with values in any complex-oriented cohomology theory in terms
of cohomological Gromov—Witten invariants. Theorem 3 reduces “quantum extraordinary
cohomology” to quantum cohomology, and in this sense can be regarded as a “quantum”

version of the Hirzebruch—Riemann—Roch theorem.

Professor Alexander Givental
Dissertation Committee Chair
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Chapter 0

Introduction

In this chapter, we state the main theorems proved in the later chapters and deduce some
simple corollaries of them. In order that the presentation be self-contained, we give some def-
initions both here and in later chapters. Proofs of those results concerning twisted Gromov—
Witten invariants can be found in Chapter 1. The results concerning quantum extraordinary

cohomology and quantum cobordism are proved in Chapter 2.

Gromov—Witten invariants

Let X be a compact Kéahler manifold. Moduli spaces of stable maps, introduced by Kont-
sevich [37], are compactifications of spaces of holomorphic maps from marked Riemann
surfaces to X. Gromov—Witten invariants are certain integrals over moduli spaces of stable
maps. They encode information about the enumerative geometry of X — roughly speaking,
they count the number of curves in X which pass through various cycles and satisfy cer-
tain conditions on their complex structure. These invariants have been the subject of much

recent interest in connection with the mathematical implications of mirror symmetry.

Denote by X, .4 the moduli space of stable maps [8, 37| of degree d € Hy(X;Z) from

n-pointed, genus-g curves to X. This space is compact, and a Riemann—Roch calculation
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shows that it has “expected dimension”
vdim =n + (1 - g)(D —3) + / e (TX)
d

where D is the complex dimension of X. The spaces X, , 4 can be quite ill-behaved —
they may be singular, and may not have the expected dimension — but we can always
equip them with a virtual fundamental class [Xg 5.4l € Havdim(Xgn,q; Q) of the expected

dimension. There are natural maps
evi: Xgna— X 1=1,2,...,n
given by evaluation at the ith marked point and line bundles
Li— Xgna i=12...,n

called universal cotangent lines. The fiber of L; at the stable map f : C' — X is the cotangent
line to the curve C' at the ith marked point. We denote the first Chern class of the line
bundle L; by ;.

The genus-g Gromov—Witten potential

d
fg((t(],tl,...) = Q / ]/\ Zev tk, /\¢ > (GW)

deHg(XZ i=1 k;>0
n>0

is a generating function for genus-g Gromov-Witten invariants. Here Q% is the representative
of d in the group ring of Ho(X;7Z) — this separates the contributions of curves of different
degrees — and tg,t1,... € H*(X;A) are cohomology classes on X. We take the coefficient
ring A to be a Novikov ring C[[@Q]], which is a completion of the semigroup ring of degrees
of holomorphic curves in X. We regard F¥ as a formal function of t(z) = tg +t12 +... €
H*(X; A)[z] which takes values in A.

Givental’s quantization formalism

The structure of genus-0 Gromov—Witten theory is well-understood, following work of Di-
jkgraaf and Witten [14], Dubrovin [15], Kontsevich and Manin [38], and Barannikov [3].

Genus-0 Gromov—Witten invariants satisfy many universal identities: the string equation,



the dilaton equation, the topological recursion relations and the celebrated WDVV equa-
tions. A recent insight of Givental [30, 12, 25] is that this structure admits a very simple
interpretation in terms of symplectic geometry and the theory of loop groups. It turns out
that the totality of Gromov—Witten invariants in genus 0 can be encoded by a Lagrangian
submanifold Lx of a certain symplectic vector space H, and that the universal identities
mentioned above are equivalent to the assertion that Lx takes a very special form — see
the Proposition below and [25]. Many natural operations in Gromov—Witten theory, such
as applying the string equation or (as we will see below) “twisting” Gromov—Witten poten-
tials in various ways, correspond to elements of a loop group of symplectic transformations
of H. The effect of such an operation on genus-0 Gromov—Witten invariants can be con-
cisely described in terms of the corresponding symplectic transformation S: it replaces the

Lagrangian submanifold £x with S(Lx).

This point of view also gives insight into the structure of higher-genus Gromov—Witten
invariants, about which very little is currently known. Higher genus Gromov—Witten theory
can be regarded as a quantization of genus-0 Gromov—Witten theory, in the following sense.

Introduce the total descendent potential

Dx = exp (Z hg_l}")g()
920
which is a generating function for Gromov—Witten invariants of all genera. Consider an
element S of the loop group which, as above, corresponds to some operation in Gromov—
Witten theory. The process of geometric quantization associates to S a differential operator
S. The total descendent potential Dx can be regarded as a function on the symplectic
vector space H, and the effect of the operation corresponding to S on Gromov—Witten
invariants of all genera is to replace the generating function Dx by S (Dx). The results in
this dissertation are phrased in terms of this “quantization formalism”, so we now describe

this language in more detail.
Introduce the supervector space
H=H"(X;M) (=)

of cohomology-valued Laurent series in 1/z, where the indeterminate z is regarded as even.

(In fact we will need to consider a completion of this space — see section 1.3.2 for details.)
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We equip ‘H with the even A-valued symplectic form

Of.g) = — 74 (F(—2),g(2)) dz

2
where (-,-) is the Poincaré pairing on H*(X) and the contour of integration winds once

anticlockwise about the origin. The polarization
H=HiDH-

by Lagrangian subspaces

Hy = H*(X;A)[2]

Ho=z"H (X;M)[=7"]
identifies H with the cotangent bundle T*H_, . (Here we need to complete H too; see section
1.3.2 again.) We regard the genus-0 Gromov-Witten potential 79 and the total descendent

potential Dy, which are functions of t, as functions on H by setting

where q(z) = qo + q12 + . . . is a co-ordinate on H.. In other words
90 = to =t —1 q2 =t2 q3 =13

This identification is called the dilaton shift. Via the dilaton shift, the genus-0 Gromov—
Witten potential generates (the germ near q(z) = —z of) a Lagrangian submanifold Lx of
H:
Lx ={(p,a): p=dqF%}
CT"Hy =H

Proposition ([12]). Lx is (the germ of ) a Lagrangian cone with vertex at the origin such

that each tangent space L to Lx is tangent to Lx exactly along zL. In other words,
LNLx =zL

and the tangent space to Lx at all points of zL is the same Lagrangian subspace L.

Lx is therefore ruled by the family of isotropic subspaces

{zL : L is a tangent space to Lx}



It is clear from the proof of the Proposition given in section 1.5 that this family is of (finite)

dimension dim H*(X).

As mentioned above, and proved in [25], the Proposition is equivalent to various universal
identities between genus-0 Gromov—Witten invariants and hence holds whenever Dubrovin’s
axioms for a genus-0 topological field theory coupled to gravity are satisfied. The proof that
we give below is geometric in character, however, and so only applies to those Frobenius

structures which come from Gromov—Witten theory.

It remains to describe the action of symplectic transformations of H on Gromov—Witten
invariants. The process of geometric quantization associates to an infinitesimal symplecto-
morphism A : H — H a differential operator A , in the following way. Consider the quadratic

Hamiltonian
ha(f) =3 Q(Af, )

Choose Darboux co-ordinates {p®, ¢°} adapted to the polarization (so that H is given by
pl =p?> =...=0and H_ is given by ¢! = ¢> = ... = 0), express ha in terms of these
co-ordinates and define A to be the quantization f/l,; of h 4, where

— a [ — ai —

a/@ qq 04/3 OC,B
aq°

o 0
q“q” = q“p’ =q pp:ﬁa—a—
q

aqﬁ

and ™~ is linear. This quantization procedure gives a projective representation of the Lie alge-
bra of infinitesimal symplectomorphisms as differential operators. We call transformations

of the form S = exp(A), where A is an infinitesimal symplectomorphism of the form

A= A" A, € End(H* (X))
meZ

elements of the loop group, and define
S = exp(A)

Such quantizations S act (projectively) on the total descendent potential Dx, which we
regard as a formal function of q via the dilaton shift. Taking the “semi-classical limit”

i — 0 in the quantization procedure we find that acting on Dx by S

Dx ~ S(Dy)
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corresponds to applying the (unquantized) linear transformation S to the Lagrangian sub-

manifold Lx:
Lx ~ S(Lx)

Twisted Gromov—Witten invariants

The classical Riemann—Roch formula gives a purely topological expression for the index of
the Cauchy—Riemann operator acting on sections of a holomorphic vector bundle over a

compact complex curve. Such indices can be regarded as virtual vector spaces
ker O © coker 0

and in a parametric situation form a virtual vector bundle over the parameter space. Topo-
logical invariants of this index bundle take the form of characteristic classes in the coho-
mology of the parameter space. The parametric situation just described occurs in Gromov—
Witten theory, and allows us to enrich our notion of Gromov—Witten invariant. A holomor-
phic vector bundle F over the target space X restricted to the curves in X yields an index
bundle Ej, 4 over the moduli space X, 4. The “fiber” of the virtual vector bundle E, , 4

at the stable map f: C — X is
H°(C, f*E)© H'(C, f*E)

Given an invertible multiplicative characteristic class ¢ of complex vector bundles, we de-
fine twisted Gromov-Witten invariants by replacing the virtual fundamental class [X 4
occurring in equation (GW) by the cap product [Xg ., 4] Nc(Eyp.q). If ¢ is the trivial charac-
teristic class then these are the usual Gromov—Witten invariants of X. Two other important

special cases are as follows.

e Suppose that F is a line bundle which is sufficiently positive that H*(C, f*E) = 0 for
all genus-0 stable maps f : C' — X. Such bundles are called convex; examples include
those bundles which are spanned fiberwise by global holomorphic sections. If we take

the characteristic class ¢ to be the Euler class' then genus-0 twisted Gromov—Witten

!The Euler class is not invertible, and so strictly speaking our construction does not apply. However, in
the convex case the virtual vector bundle Ej ,, 4 is in fact a bundle, so the Euler class of Ey . q is well-defined



invariants of X coincide with genus-0 Gromov—Witten invariants of the hypersurface
cut out by a generic section of E. Understanding the relationship between twisted
and untwisted Gromov—Witten invariants will allow us to prove a very general version
of the Quantum Lefschetz Hyperplane Principle (Corollary 5 below), which relates
genus-0 Gromov—Witten invariants of complete intersections to those of the ambient
space. This implies the celebrated mirror formula, due to Candelas, de la Ossa, Green
and Parkes [11], for genus-0 Gromov—Witten invariants of quintic hypersurfaces in

CP*.

e If X is sufficiently negative that H(C, f*E) = 0 for all genus-0 stable maps f : C — X
— such bundles are called concave — then genus-0 Gromov—Witten invariants of X
twisted by the S'-equivariant inverse Euler class of E are closely related to so-called
local Gromov-Witten invariants in genus 0. (The S!-action here rotates the fibers of E
and the index bundles £, 4, and leaves X and the moduli spaces X ,, 4 fixed.) Given
X a submanifold of the Kéhler manifold ¥ with normal bundle E, local Gromov—
Witten invariants measure the contribution to Gromov—Witten invariants of Y coming
from curves lying in a neighbourhood of X. In genus 0, such curves of degree d # 0 in
fact lie inside X; this follows from the concavity of E. Local Gromov—Witten invariants
participate in the “non-linear Serre duality” of [26, 27|, which has been used [27, 35]
to establish various enumerative predictions of mirror symmetry, including the mirror
formula. Corollary 2 below implies a very general form of non-linear Serre duality,

which is formulated as Corollary 1.8.2 on page 81.

Theorem 1 below determines the relationship between twisted and untwisted Gromov—
Witten invariants in all genera. It gives an explicit formula for twisted Gromov—Witten
invariants in terms of untwisted ones. The formula is written in terms of the quantization
formalism, which we extend to the “twisted” setting in the next section. Before doing this,

we give precise definitions of the twisted Gromov—Witten potentials.

and the Euler-twisted potentials make sense. We can fit this into our general framework by first considering
the S*-equivariant Euler class, which is invertible, and then passing to the non-equivariant limit. The S*-
action we consider here rotates the fibers of E and of Ey , 4, and leaves X and the moduli spaces Xg n,q
fixed.
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Twisted Gromov—Witten potentials

There is a natural map

T Xgni1,d = Xgn,d

given by forgetting the last marked point and contracting any components of the curve on
which the resulting map is unstable. This can be regarded as the universal family of stable

maps over Xy, 4:

€Vnt1 X

Xg,n—l—l,d

Xg,n,d

Given a holomorphic vector bundle E over X, we can pull it back along the map ev, 1 and

then take the K-theoretic push-forward along 7 to define a virtual vector bundle
Egnd=mcevy 4 E
over X, g. The “fiber” of the virtual bundle E, ,, 4 at the stable map f:C — X is
HO(C, f*E)© H'(C, f*E)

An invertible multiplicative characteristic class ¢ of complex vector bundles can be written

as
) = eXP(Z sk, chy (- ))
k>0
for some choice of sy, s1, ..., where chy is the degree-2k component of the Chern character.
We regard sq, $1, So, . . . as formal parameters, and incorporate them in the ground ring A:

A =C[Q] ®Cllso, 51,52, .- ]

The (c, E')-twisted genus-g Gromov—Witten potential

d
7'—37E(750,t1,---)= < / ]/\ ZGV 179 /\¢ > c(Egn,d)

deHg(XZ i=1 k;>0
n>0



is a generating function for (c, F)-twisted Gromov—Witten invariants. It is a formal function
of t(z) = to + t1z + ... € H*(X;A)[z] which takes values in A. The (c, E)-twisted total
descendent potential of X

De,p = exp (Z hg_lfcgE)

920

is a generating function for (c, E')-twisted Gromov—Witten invariants of all genera.

Extending the quantization formalism to the twisted setting

The Poincaré pairing on the cohomology of the target space X occurs in untwisted Gromov—

Witten theory as an intersection index on the moduli space X 30 = X:
(a,b):/ eviaAevsl Aevyb
[X0,3,0]
In the twisted setting this takes the form

(a,b)e.p = / eviaAevilAevibAc(Epsp)
[Xo0,3,0]

:/Xa/\b/\c(E)

which suggests that we should base the symplectic form occurring in the quantization for-
malism on this “twisted Poincaré pairing”. Except for this change, and the fact that the
ground ring A now contains sg, S, ..., all ingredients of the quantization formalism are

exactly as before.

We take the symplectic space to be?
Hep = H(X;A)(=71)

with the A-valued symplectic form

Qep(fog) = = 74 (F(—2), g(=))e d

2mi
As before, the polarization

Hes = HOF @ HOF

2 Again, we suppress some details about completions here: see section 1.3.2.
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by Lagrangian subspaces
HP = H*(X; A2
HEE = 2 H (X M)
identifies H¢ g with the cotangent bundle T *Hi’E. We regard the twisted Gromov—Witten

potentials .7-"3 g and D¢ g as functions on H'j_’E via the dilaton shift

where q(z) = qo + 12 + ... is a co-ordinate on H'_:,_’E. Via the dilaton shift, the twisted
genus-0 potential generates (the germ near q(z) = —z of) a Lagrangian submanifold L¢ g

of He E:
Lep={(p.q):p=deFep}

We will want to apply quantized elements of the loop group to the twisted total descendent
potential D . We therefore need to identify D p with a function on H, (rather than on

HSF). We do this via the symplectomorphism
+

¢:Hee—H
z— Ve(E)x

(© maps H'iE isomorphically to H .

Quantum Riemann—Roch

The following result determines all twisted Gromov—Witten invariants in terms of untwisted
Gromov—Witten invariants. Since certain twisted Gromov—Witten invariants are closely re-
lated to local Gromov—Witten invariants and to the Gromov-Witten invariants of hyper-
surfaces (see the discussion on pages 6 and 7), this will allow us to establish very general

versions of non-linear Serre duality and of the Quantum Lefschetz Hyperplane Principle.

Theorem 1. Let L be a line bundle with first Chern class z. Multiplication by the asymptotic
expansion of the infinite product

ﬁ c(E®L™™)

m=1



11

defines a linear symplectomorphism A : ' H — Hc g, and the quantization (;Z identifies the

one-dimensional subspaces spanned by Dx and by D¢ g:

(De.) = /A (Dx)

Remark. The transformation ¢/ : H — H is multiplication by the asymptotic expansion
of -
Ve(E) [[ (B L™™)
m=1

We interpret this as follows. Let p1,...p, be the Chern roots of E, and let s(-) be the
logarithm of c(-):

k
!L”) = Zsk%

k>0

1n(\/@ lo'j[ c(E®L—m)> ~ Z[

=1

Then

i=1 m>0 =
= Z Z Bzm Sl+2m  chy(E)2*" !
m>0 l>0
Here the B are Bernoulli numbers
t _ %tk
1—et = k!

Multiplication by ch;(E)z?™~! is an infinitesimal symplectomorphism of H, so A is a linear

symplectomorphism. In Chapter 1 we prove (Theorem 1.6.4) that

eXP(— iZqu /Xchl(E)CD—1(TX)>(sdet Ve(E)) Dep =

1>0
eXP(Z > som- 1+l (Chl(E) am) >eXP<Z«91 1(chy(E)/2) >
m>0 1>0 1>0

where D is the complex dimension of X and sdet is the superdeterminant. Since the factor

in front of D¢ g is a non-vanishing scalar function of s, this implies Theorem 1.
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Corollary 1. The Lagrangian submanifolds Lc g and Lx satisfy
Lep=A0ALx

In particular, Le g is (the germ of ) a Lagrangian cone which satisfies the conclusions of the

Proposition on page 4.

Non-linear Serre duality

Let ¢* denote the multiplicative characteristic class

¢ () = exp (Y (1) spclue(-)

k>0

so that
1

c(E)

c'(E") =
Corollary 2. The one-dimensional spaces spanned by D¢ g and by De+ g+ are equal:

<Dc*,E*> = <DC,E>

Proof. D¢+ g+ is obtained from Dy by the quantization of

* * - * * —m\ __ 1 b 1
Ve (E)glc(E oL = 75 I czam

m=1

Replacing L™ by L™™ on the right-hand side of this formula corresponds to replacing z by
—z. But elements S(z) of the loop group satisfy

ST(=2)8(z) =1

where T denotes the adjoint with respect to the Poincaré pairing, and multiplication by a

cohomology class is self-adjoint, so
Ve (BY) [[ (B o L™™) = Ve(B) [[ c(Eo L™)
m=1 m=1

Now apply Theorem 1. O
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Note that the equality in Corollary 2 involves formal functions of q. The relationship between
De,r and D+ g+ as formal functions of t is described explicitly by Corollary 1.8.1 on page
80.

“Non-linear Serre duality”, discovered in [26, 27| in the context of fixed-point localization
formulas for genus-0 Gromov—Witten invariants of toric manifolds, is a close relationship
between Gromov-Witten invariants twisted by the S'-equivariant Euler class of a bundle E
(where S! rotates the fibers of E) and those twisted by the inverse equivariant Euler class of
E* (equipped with the dual S'-action). More concretely, it gives a close relationship between
genus-0 Gromov—Witten invariants of hypersurfaces and certain local Gromov—Witten in-
variants (see page 7). If the characteristic class ¢ in Corollary 2 is the S'-equivariant Euler
class then c* is almost equal to the S'-equivariant inverse Euler class. Corollary 2 therefore
implies a very general version of non-linear Serre duality, which applies to any compact
Kahler target space X and to twisted Gromov—Witten invariants in arbitrary genus. This

is formulated as Corollary 1.8.2 on page 81.

Quantum Lefschetz Hyperplane Principle

As mentioned above, if E is a positive line bundle then the genus-0 Gromov—Witten in-
variants of X twisted by the Euler class of E coincide with the genus-0 Gromov—Witten
invariants of the hypersurface cut out by a generic section of E. We now analyze the con-
sequences of Corollary 1 in the case where c is the S'-equivariant Euler class. By passing
to the non-equivariant limit, we will be able to prove a very general version of the Quan-
tum Lefschetz Hyperplane Principle (Corollary 5), which relates genus-0 Gromov—Witten
invariants of complete intersections to those of the ambient space. Our argument hinges on
the fact, explained in the next-but-one section, that the cone Lx is entirely determined by

a generic family

T J(1) 7€ H(X)

of elements of Lx. In the next-but-one section we also exhibit such a family, which we call
the J-function of X, and in addition give a family which determines the twisted cone L¢ g,
called the twisted J-function. The J-function encodes all genus-0 Gromov—Witten invariants

of X and the twisted J-function encodes all genus-0 twisted Gromov—Witten invariants.



14 CHAPTER 0. INTRODUCTION

Using Corollary 1 and the J-function of X we build another family, the I-function, and
prove that this also determines Lo p (Theorem 2). Since the I-function and the twisted
J-function determine the same cone, we can write one in terms of the other (Corollary
4). On passing to the non-equivariant limit, this gives the Quantum Lefschetz Hyperplane
Principle (Corollary 5). We then show that this implies the earlier mirror theorems of
[26, 4, 35, 47, 9, 43, 21], and in particular give a new proof of the mirror formula for genus-0

Gromov-Witten invariants of the quintic threefold [11].

The quantization formalism

In order to take the characteristic class ¢ by which we twist to be the S'-equivariant
Euler class e, we need to base our ground ring A on the coefficient ring H*(BS';C) of
Sl-equivariant cohomology theory. We identify H*(BS!; C) with C[\], where X is the first

Chern class of the universal bundle over CP*°, and take
A =C[QI(VN)[In ]

We adjoin the v/A and In ) to ensure that the asymptotic expansion in Corollary 1 has
coefficients in A. We extend the quantization formalism to this situation exactly as on

pages 9-10: the only change is the new ground ring A.

Corollary 3. Multiplication by the asymptotic expansion
o
~[[e(EeL™)
m=1
gives a linear symplectomorphism O : (H,Q) — (He £, Qe,r) and
OLx = LeE

The series I'g(z) is closely related to the asymptotic expansion of the gamma function:

—:E—I—()\-l-ﬁz )In

I'g H\/R/ dx

where pq,...,p, are the Chern roots of E. This observation is the key to the proof of

Theorem 2 below.
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J-functions and slices of the cones

Recall from the discussion on pages 4 and 5 that the Lagrangian cone L£x which encodes
genus-0 Gromov-Witten invariants of X is ruled by a (dim H*(X))-dimensional family of
subspaces

{zL : L is a tangent space to Lx}

Given a family

T J(7) Te H (X)
of elements of Lx which is transverse to the ruling, the cone Lx is therefore swept out by
{2L; : 7€ H*(X)} where L. =T;Lx

In other words

Lx = U zL,
reH*(X)

Fix a basis {¢1, ..., ¢pn} for H*(X; C). Since the family 7 — J(7) is transverse to the ruling,
the derivatives 01 J(1, —2),...,0nJ(7, —2z) in the directions ¢1,...,¢x € H*(X; A) form a
basis for the tangent space L, over® IT = A[z]. In this sense, the family 7 +— J(7) generates

the whole cone Lx. We say that such a family is a slice of the cone Lx.

One such slice is given by the intersection of Lx with the affine subspace
—2+zH_CH

We call the function parameterizing this slice the J-function of X. A formula for it in terms
of genus-0 Gromov-Witten invariants is as follows. Let gog = (¢a,dg), and let g be
the entries of the matrix inverse to that with entries go3. The J-function Jx (7, —z) is the

H-valued function of 7 € H*(X; A) defined by

d
Jx(T,—Z):—Z+T+Z%</[X

</"\ evy 7‘> A e >gaﬁ¢g

n,d gn+1,d] i=1 —Z = ¢n+1
€ —z2+717+H-
Here we interpret
1 1 2
Lyl Yan
—2z = Y1 z z z

3 Again, we ignore some completion issues here: the relevant completion IT of Alz] is described on page
74.
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and sum over repeated Greek indices.

Corollary 1 implies that the Lagrangian cone Le g C He is ruled in exactly the same way as
Lx. A slice of Le g is given by the intersection of L¢ g with the affine subspace —z 4+ zH€ .
The H-valued function of 7 € H*(X; A) which parameterizes this intersection is called the
twisted J-function Je (7, —z). We can write it in terms of genus-0 twisted Gromov-Witten
invariants as follows. Let gg 5 = (s PB)e, and let ge P be the entries of the matrix inverse

to that with entries gg 5. Then

d n
ot~ =~z 47+ L /[ N evi7) A2 (B ) )00
n,d ’

Xgmt1,d] i=1 —Z = ¢n+1

€ —z+1+HE

Another slice of L. i

Theorem 2. Let pi,...,p, be the Chern roots of E. Define an He g-valued function of
te H(X;A) by

r / e *Jx(z,t+ (A + p;) Inz) dz
_ 0
I(t’ Z) - H oo T—(A+pi)lnx

=1 / e z dx
0

where the integrals represent their stationary phase asymptotics as z — 0. Then the family

t— I(t,—z) te H*(X;A)

of elements of He g lies on the Lagrangian cone Le E.

In fact the family t — I(t, —z) is a slice of Le g it is transverse to the ruling of Le g by
{zL : L is a tangent space to Le g}

and so the derivatives 011(t, —z),...,0nI(t,—z) in the directions ¢1,...,¢on € H*(X;A)

form a basis for the tangent space

Ly =Tr4,—z)Le
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over II. The subspace zL; meets the affine subspace —z + zH® at a unique point
—z+7(t) + HE
and this defines a map ¢ +— 7(¢), which we call the mirror map.

Corollary 4. The unique intersection of zL; with the affine subspace —z + zH® coincides
with Je g(7(t), —2). In other words,

N
Jep(r(t),—2) =1I(t,—z) + Z C(t,2) 20,1(t, —2)

a=1
where C*(t, z) are the unique elements of I such that the right-hand side lies in —z + zHS .
The mirror map t — 7(t) is determined by the expansion —z+7(t)+O0(z~1) of the right-hand

side.

The mirror map and Birkhoff factorization

This procedure of calculating Je g (7, 2) from I(t, z) is reminiscent of Birkhoff factorization
in the theory of loop groups. In fact, the corresponding procedure applied to first derivatives
of I and Je g really is an example of Birkhoff factorization: let Se g(7, 2) be the matrix with
columns

O Jep(T,2),. .., ONJe (T, 2)
and let R(t, z) be the matrix with columns
NIt 2),...,0NI(t,2)

Since the families I(t, —z) and Je g (7, —2) are transverse to the ruling of Le g, the columns

of R(t, —z) and Se r(7(t), —z) both form bases for L; over II, and so
R(t,—z) = Se p(7(t), —2)C(t, 2) (BF)

for some matrix C(¢, z) with entries in II. But Se g(7, ) is a matrix-valued power series in
1/z and C(t, z) is a matrix-valued power series in z, so (BF) is the Birkhoff factorization of
R(t,—z) in the loop group of symplectomorphisms of H. The factorization (BF) determines

the mirror map, since applying the linear transformation Se g(7, 2) to 1 € H*(X; A) gives

1
1—|—z mod —
z z



18 CHAPTER 0. INTRODUCTION
Complete intersections

Suppose now that the Chern roots p1,...,p, of E are defined over Z — for example, FE
could be a direct sum of line bundles. Write

Ix(t,2) =Y Ja(t, 2)Q°

d

Applying the string and divisor equations and integrating by parts gives

r pi(d)

ZJdtszH k——ooA—l_pl—i_kz)
Hk——oo /\+pl+kz)

Corollary 5 explains how to obtain the twisted J-function Je g from this “hypergeometric

modification” of Jx.

If E is a direct sum of convex line bundles (see page 6) then both I(¢,z) and Je p(7, 2)
admit non-equivariant limits. Let j : Y — X denote the inclusion into X of the complete

intersection cut out by a generic section of E. The non-equivariant limit limy_,q (¢, 2) is

r Pz(d

IthZ ZJdtZQ HHpZ—I—k‘Z

i=1 k=1

and limy_,g Je (7, 2) is Jx y (T, z) where

"M E)Jxy (U, 2) =y (v)— Hy(x) JxJy (57U, 2)

non ig the non-equivariant Euler class, Jy is the J-function of Y (defined as on page 15)

Here e
and the long subscript indicates that the corresponding homomorphism between Novikov
rings should be applied to the right-hand side of the equation. We see that Jx y determines,
up to some “blurring” of Novikov variables, all genus-0 Gromov—Witten invariants of Y

which involve cohomology classes coming from X.

Corollary 5. The series Ixy(t,—z) and Jx y(7, —z) determine the same cone. In partic-
ular, Jx y (1, —%) is determined from Ix y(t,—z) by the “Birkhoff factorization” procedure

followed by the mirror map t — 7 as described in Corollary 4.

This is the Quantum Lefschetz Hyperplane Principle advertised above. It essentially deter-

mines the genus-0 Gromov—Witten invariants of the complete intersection Y in terms of the
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genus-0 Gromov—Witten invariants of the ambient space X. It applies to convex complete
intersections of arbitrary Fano index, and without restriction on the parameter 7 € H*(X).
We can combine Corollary 5 with the Birkhoff factorization procedure outlined on page 17
to compute gravitational descendents of Y — these are Gromov—Witten invariants which
involve powers of the universal cotangent line classes ;. We will see below that in the case
where Y is either Fano or Calabi—Yau and where 7 is restricted to lie in the “small parame-
ter space” H<2(X), Corollary 5 gives the earlier Quantum Lefschetz theorems of Givental,

Batyrev et al., Kim, Lian et al., Bertram, Lee and Gathmann [26, 4, 35, 47, 9, 43, 21].

Example: a quintic 3-fold in CP*

Take X = CP* E = O(5) and j : Y — X the inclusion of the hypersurface cut out by a
generic section of E. Let P be the hyperplane class generating H*(X; C) = C[P]/(P®). The
restriction of the J-function of X to H?(X) is known to be [26]

J Z Qe
Jx(tP,z) = ze"/*?
d>0 szl (P + kz)s

SO
5d
— zetf/? d_at 11— (BP + kz)
Ixy(tP, z) = ze ;Z%Q e ST
= f(t)z + Pg(t) + O(z71)
where
(50
ft) = d%%@ e @
(5d)' k=5d 1
o0 =105 Gy 2
2 =d+1

According to Corollary 5, Iy y and Jx y determine the same cone. But Ix y (tP, —z) deter-

mines the same cone as

Loy (th —2) —z+ P@ +0(z7h)

f@) f@)

and

Ixy(TP,—z)=—z+71P + o(z™)
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so if ”
_ 9\
=50
then
- IX7y(tP, —Z)

Jxy(r(t)P,—z) = )

This is the celebrated quintic mirror formula of Candelas, de la Ossa, Green and Parkes.
More generally:

Corollary 6. If E is a direct sum of convex line bundles such that c1(E) < ¢1(X) then the

restriction of Ixy(t,2) to the small parameter space H<*(X; A) takes the form
Ixy(t,2) =2F(t) + Y G'(t)¢s + O(z"")

where the {¢;} are a basis for HS*(X) and F(t), G'(t) are scalar-valued functions such that
F(t) is invertible. The restriction of Jx y (1, z) to HS*(X; A) is given by

IX,Y(tv Z)

Jxy(r, z) = F(1)

where

NG,
T—;m@

Thus we recover the Quantum Lefschetz theorems of [26, 4, 35, 47, 9, 43, 21].

Quantum cobordism

Recall from the discussion on page 2 that even though the moduli space X, 4 may be
singular and may not have the dimension predicted by Riemann—Roch, we can always
equip it with a virtual fundamental class [X, 4] of the expected dimension. This coincides
with the usual fundamental class when X, , 4 is smooth and of the expected dimension.
We can similarly equip X, ,q with a virtual vector bundle ’T;ﬁ:d € K%Xyna), called
the virtual tangent bundle, which coincides with the usual tangent bundle when X, , 4
is smooth and of the expected dimension. This gives another way to enrich our notion

of Gromov—Witten invariant: we can twist by characteristic classes of the virtual tangent



21

bundle. Given an invertible multiplicative characteristic class ¢ of complex vector bundles,
we define tangent-twisted Gromov—Witten invariants by replacing the virtual fundamental

class [Xg n 4] occurring in equation (GW) by the cap product [X, 4] N c(’];;ff:d).

The virtual tangent bundle is

VIT TN

gm,d =

where the tangent sheaf 7 and the obstruction sheaf A fit into the exact sequence
0 — Aut(C) — H(C, f*TX) — T — Def(C) — HYC, f*TX) - N — 0

of sheaves on X, 4 (see [31, 13]). Here we denote sheaves on X, ,, 4 by their fibers at the
stable map f: C' — X. Aut(C) is the vector space of holomorphic vector fields on C' which
vanish at the marked points and Def(C') is the space of infinitesimal deformations of the
complex structure on C. The virtual tangent bundle ’Z;”Z 4 therefore consists of two parts,
one

HO(C, f*TX) o HYC, f*TX)

coming from variations of the map f : C'— X, where the complex structure on C is fixed,
and the other
Def(C) & Aut(C)

coming from variations of the complex structure on C'. We can describe the contribution of

the first part of ’Tg”;f 4 to tangent-twisted Gromov-Witten invariants using Theorem 1, since
HY(C, f*TX) e H'(C, f*TX) = (TX)gn.a

The remaining part, coming from deformations of complex structure on the domain curve,

contributes to tangent-twisted Gromov—Witten invariants in a rather complicated way.

Theorem 3 below expresses tangent-twisted Gromov—Witten invariants in terms of untwisted
Gromov—Witten invariants. The key geometrical argument, which is contained in section
2.5.3, identifies the virtual tangent bundle ’T;ﬁ:d as the sum of three parts. One of these
parts is (T'X)g.n,4, another has a simple description in terms of universal cotangent lines L;
and the third is supported entirely on the boundary of the moduli space X, 4. Since the
boundary of X, 4 is made up of products of “smaller” moduli spaces X , 4, this allows us
to write down recursion relations which determine tangent-twisted Gromov—Witten invari-

ants in terms of untwisted Gromov—Witten invariants. The key combinatorial step, which
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allows us to solve these recursion relations, is to interpret tangent-twisted Gromov—Witten
invariants in terms of Gromov—Witten invariants with values in complex cobordism. The
idea of defining Gromov-Witten invariants with values in cobordism goes back to Gromov
[32], who constructed invariants of symplectic manifolds in the form of bordism classes in
certain spaces of (pseudo)holomorphic curves; it was later pursued by Kontsevich [37] and
Morava [52, 51]. Extending the quantization formalism to this cobordism-valued setting al-
lows us to express the relationship between tangent-twisted and untwisted Gromov—Witten
invariants in a very simple form. In the next section we give a brief introduction to complex
cobordism. We then define cobordism-valued Gromov-Witten invariants and extend the
quantization formalism to deal with them. Finally, we state Theorem 3 and discuss some of

its consequences.

Complex cobordism

The complex cobordism of a topological space Y is the extraordinary cohomology of Y with
values in the Thom spectrum MU. If Y is a complex manifold of dimension n then the
cobordism group MU*(Y'), which is defined in terms of homotopy classes of maps to Thom
spaces MU (k) of universal bundles over BU (k)

MU Y) = lim [S7Y, MU + 7)]

j—00
can be described more concretely in Poincaré-dual terms. The Pontryagin—Thom construc-
tion identifies MU*(Y) with the complex bordism group MUs,_;(Y) — this plays the role
of the Poincaré isomorphism between complex cobordism and complex bordism — and com-
plex bordism groups admit the following geometric description [55, 66]. A weakly complex
manifold M is a smooth real manifold together with a complex vector bundle over M whose
underlying real vector space is of the form TM @ RY. We identify complex structures on
TM &R which are homotopic, and identify the complex structure on TM @ RY with the
obvious complex structure on TM & RY @ R2. The complex bordism group MU;(Y) is the
free Abelian group on the set of continuous maps M — Y, where M is a closed weakly

complex manifold of real dimension ¢, modulo the relations

[ = Y| = M1 = Y]+ [0 — V]

[OW — Y] =0
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Here W is a weakly complex manifold with boundary and OW inherits a weakly complex

structure in the obvious way.
We consider cobordism groups with complex coefficients, so the coefficient ring of the theory
is

My =MU(pt) ® C

= C[plvp27 .. ]
where p; is the degree (—2i) class represented by CP? — pt. We can define cobordism-valued

characteristic classes of complex vector bundles exactly as we do for usual cohomology. The
cobordism-valued first Chern class of the bundle O(1) over CP™ is Poincaré-dual to the
inclusion CP"~! — CP" of a hyperplane section. If u is the cobordism-valued first Chern

class of the universal bundle £ over CP™> then
MU*(CP>) =y [u]

Much as for K-theory, there is a multiplicative natural transformation from cobordism to

cohomology which gives ring isomorphisms
chyp : MUS(X) @ C — H*(X; Qyp)

for all X. This is called the Chern—Dold character. The image of v € MU*(CP>) under

the Chern—Dold character is a formal power series
wz) = 24 ag2? + a3z + ...
where z is the (cohomological) first Chern class of the universal line bundle &.
Given a proper map of complex manifolds 7 : Y — Z there is a pushforward
T MUY — MUi+dimZ=dimY (7

which (in Poincaré-dual terms) sends [f : M — Y] to [nf : M — Z]. We can compute the

push-forward to a point in terms of cohomology via the Riemann—Roch formula

mi(a) = /Y chare(a) Tdy (TY) (RR)

Here « is a cobordism class on Y, 7 is the map from Y to a point, and Tdpsy is the

multiplicative H*(-; },;,)-valued characteristic class which takes the value

Tdyu(§) = w(2)
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on the universal line bundle. If we write
Tdyp(-) = exp(Z sp chy (- >
k>0

then s1, s, ... give another set of generators for Q73

vu = Cls1, s2, .. ]

Cobordism-valued Gromov—Witten invariants

We base the ground ring A on the coefficient ring of complex cobordism theory, taking
A=C[Q] ® C[s1,s2,.. ]

Using the Riemann—Roch formula (RR) we can define cobordism-valued Gromov—Witten
invariants in purely cohomological terms. The genus-g cobordism potential of X, which is

a generating function for cobordism-valued Gromov—Witten invariants, is defined to be

d
Flolto tr,..) = @ / | /\ S evilebare te) Au() ) A Tda(T,)
gnd

deHg(XZ =1 k;>0
n>0

Here tg,t1,... € MU*(X;A) are cobordism classes on X and, as before, 1; is the (cohomo-
logical) first Chern class of the ith universal cotangent line L;. We regard F f\'/lU as a formal
function of t = to +tiu+... € MU*(X; A)[u] which takes values in A. The total cobordism
potential of X

Dyy = exp (Z hg_l}"fﬂ]>
920

is a generating function for cobordism-valued Gromov—Witten invariants of all genera.

Since any invertible multiplicative characteristic class is a scalar multiple of
Tdyp(-) = exp(Z sp chy (- >
k>0

for appropriate values of s1, s9, . . ., the total cobordism potential encodes all tangent-twisted

Gromov—Witten invariants.
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The quantization formalism

The symplectic space H associated to usual Gromov—Witten theory consists of cohomology-

valued Laurent series in 1/z
H=H"(X;0)(=7)

and the symplectic form is based on the Poincaré pairing

74 (fr(=2), fol2)) d=

We can regard z here as the first Chern class of the universal line bundle £ over CP™.

Q(f1, f2) =

2mi

We take the symplectic space U associated to cobordism-valued Gromov—Witten theory to

consist of cobordism-valued Laurent series* in 1/u
U=MU*(X;A)(u™)
equipped with the symplectic form®

Qo1 f2) = 3 U (=2 o))

based on the Poincaré pairing in cobordism theory

(a,b)mu = /X chpyrp(a) A chap(b) A Tdpyp (TX)

We can regard u as the cobordism-valued first Chern class of the universal line bundle &.

Define Laurent series vg(u), k =0,1,2,... by

1 = Z(u(:ﬂ))kvk(u(y))

e
where we expand the left-hand side in the region where |z| < |y|. We prove in section 2.3.2

that (appropriate completions of) the subspaces
Uy = MU(X; A)[u]

U = {Z anvn(u) T oy € MU*(X;A)}

n>0

4Once again we suppress some details about completions here: see section 2.3.2.
5 . . . .
°We can write this more invariantly as

nrv(fo, fa) = % f (F1 ), o)) ar0 ()

where u* is the inverse to w in the formal group corresponding to complex cobordism [55, 2]. Here g(u) is
the power series inverse to u(z), so dg(u) is the invariant differential on the formal group.
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are Lagrangian. The polarization

U=UrdU_
identifies the symplectic space (U, Q) with the cotangent bundle T*U, .

Let
u = —u+ b + boud + ...

be the cobordism-valued first Chern class® of the Hopf bundle ¢! over CP*. We regard

the cobordism potentials FY;;; and Dy as formal functions on U, via the dilaton shift

where q(u) = qo + q1u + gu? + ... is a co-ordinate on Y. Via the dilaton shift and
the identification U = T*U,, the genus-0 cobordism potential generates (the germ near

q(u) = u* of) a Lagrangian submanifold £y, of U:

Ly ={(p,a):p=deFu}

The quantum Hirzebruch—Riemann—Roch theorem

We want to compare the total cobordism potential Dyyr7, which is a function on U, , with
the total descendent potential Dx, which is a function on Hy. We define the quantum

Chern—Dold character to be the map

qch: U — H
> anu® = VTdyu(TX) D chagy(an) (u(z))"

ne’l nel

This is a symplectomorphism from I/ to H. It maps Uy isomorphically to H4, and we regard

D as a function on Hy via this identification.

Although the quantum Chern—Dold character maps Uy to H, it does not map U_ to H_.
We can, however, find a symplectomorphism ¥ : H — H which sends Hy to H and sends
qch(U-) to H_. A simple formula for ¥ in terms of the power series u(z), together with a

discussion of its representation-theoretic meaning, can be found in section 2.3.2.

As the reader may have noticed, this does not lie in the ring of Laurent series MU*(X;A)((u™). Tt
does, however, lie in the appropriate completion U of this ring — see section 2.3.2.
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Theorem 3. Applying the quantized operator ¥ to the total cobordism potential Dasyr yields
the Gromov—Witten potential of X twisted by the characteristic class Tdyy and the bundle
TX:

YDyu = Drd,yy,mX

In other words,

(Dyu) = ¥V 'A(Dx)

where A : H — H is multiplication by the asymptotic expansion of

VTdyo(TX) [] Tdyo(TX © L)
m=1

This determines all cobordism-valued Gromov—Witten invariants, and hence all tangent-
twisted Gromov—Witten invariants, in terms of the the usual (untwisted, cohomology-
valued) Gromov—Witten invariants. Remarkably, the entire contribution to the virtual tan-
gent bundle from deformations of the complex structure on the domain curve is absorbed
by the comparison qch between the cohomology-valued and cobordism-valued formalisms,
and the change of polarization ¥. Theorem 3 reduces “quantum cobordism” to quantum
cohomology, and hence can be regarded as a “quantum” version of the Hirzebruch—Riemann—

Roch theorem.

Corollary 7. qch(Lyp) coincides with the Lagrangian cone for (Tdyy , TX)-twisted Gromov—
Witten theory, so
qch(Lyu) = ALx

In particular, Ly is (the germ of ) a Lagrangian cone which satisfies the conclusions of

the Proposition on page 4.

When X is a point, Ly is invariant under A.

Corollary 8. If X = pt then qch(Lyp) = Lx.

Given any complex-oriented extraordinary cohomology theory F we can define quantum FE-
cohomology much as we did quantum cobordism, replacing the Chern—Dold character chyy
with an appropriate Chern character chg and the Todd class Tdy;y with an appropriate

Todd class Tdg. Complex cobordism is the universal complex-oriented cohomology theory,
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so there is a natural transformation 0 : MU — E from complex cobordism to E. We
can compute the “total E-potential” Dg, which is defined (in the obvious way) on page
86, by applying 0 to the total cobordism potential Djy;7. Thus Theorem 3 determines
all Gromov—Witten invariants with values in an arbitrary complex-oriented extraordinary

cohomology theory.

Almost-Kahler manifolds

Gromov—Witten invariants can be defined whenever the target space X is a compact sym-
plectic manifold equipped with an almost-complex structure J which is tamed by the sym-
plectic form. The results described in this chapter, with the exception of Corollaries 5 and
6, go through to this almost-Kéhler setting; this is established in Appendix B. Corollar-
ies 5 and 6 rely on a comparison result between algebraic virtual fundamental classes, the

almost-Kéahler analog of which does not seem to be known.
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Chapter 1

Quantum Cohomology

1.1 Introduction

A major goal of this chapter is to understand, at least in genus zero, the relationship be-
tween Gromov—Witten invariants of a complete intersection and those of the ambient space.
Following Kontsevich [37], we approach this problem by studying not Gromov—Witten in-
variants of the complete intersection directly, but instead Gromov—Witten invariants of the
ambient space twisted by the bundle which determines the complete intersection (see sec-
tion 1.6.1). Kontsevich originally defined genus-0 Gromov—Witten invariants of sufficiently
positive complete intersections in terms of Gromov—Witten invariants of the ambient space
twisted by the Euler class; as discussed in section 1.7.1, his definition agrees with the general

definitions of [44, 6] in this case.

The main result of this chapter, Theorem 1.6.4, determines the relationship between twisted
and untwisted Gromov—Witten invariants in all genera. Our approach, following [53, 17],
is to apply the Grothendieck—Riemann—Roch theorem to the universal family over the
moduli space of stable maps. In [17], Faber and Pandharipande interpreted Mumford’s
Grothendieck—Riemann—Roch calculation [53] as giving differential equations satisfied by
generating functions for Gromov—Witten invariants twisted by the Euler class and the triv-
ial bundle. Exactly the same approach gives differential equations satisfied by generating

functions for more general twisted Gromov—Witten invariants. The main new ingredient in
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Theorem 1.6.4 is the quantization formalism [30] outlined in Chapter 0, which allows us to
interpret these differential equations in geometric terms — as the quantizations of certain

infinitesimal symplectic transformations — and consequently to solve them.

Extracting genus-0 Gromov—Witten invariants corresponds to taking a “semi-classical limit”
of the full genus picture. It turns out (Theorem 1.5.3) that the totality of gravitational
descendents in genus-0 Gromov—Witten theory can be encoded by a semi-infinite ruled
cone Lx in the cohomology of X with coefficients in the field of Laurent series in 1/z,
and that another such cone corresponds to each twisted theory. Taking the semi-classical
limit of Theorem 1.6.4, we find that the twisted and untwisted cones are related by a
symplectic transformation. In the case of twistings by the Euler class of a line bundle F,
this transformation can be described in terms of the stationary phase asymptotics of the

oscillating integral
1 oo —z+(A+p)lnzx
— / e z dx
V2mz Jo
where p is the first Chern class of E. This allows us to derive a Quantum Lefsctetz Hy-
perplane Principle (Corollary 1.7.5) which is more general than earlier versions [4, 35, 47,
9, 43, 21] in the sense that the restrictions ¢ € H<?(X) on the space of parameters and

c1(E) < ¢1(X) on the Fano index are removed.

The material of this chapter represents joint work with Givental, and has previously ap-

peared in the preprint [12].

The chapter is arranged as follows. In section 1.2, we fix notation for moduli spaces of sta-
ble maps and Gromov—Witten potentials. Section 1.3 describes the quantization formalism
[30] in detail; in particular, Examples 1.3.1.1 and 1.3.3.1 introduce notation which is used
throughout the rest of the chapter. Section 1.4 describes the geometry associated to the
semi-classical limit of the quantization formalism, and explains the role of various objects
familiar from genus-0 Gromov—Witten theory in this geometric framework. In section 1.5 we
introduce gravitational ancestors, describe their relationship to gravitational descendents
(following Givental [30]) and use them to prove that the ruled cone Lx which encodes
genus-0 gravitational descendents is indeed a ruled cone. In section 1.6, we define twisted
Gromov—Witten invariants and describe their relationship to untwisted Gromov—Witten in-
variants. We use this relationship in section 1.7 to derive the Quantum Lefschetz Hyperplane

Principle, and in section 1.8 to derive a very general version of “non-linear Serre duality”
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26, 27].

1.2 Stable maps and Gromov—Witten invariants

1.2.1 Moduli spaces of stable maps

Throughout, let X denote a compact projective complex manifold of complex dimension
D. Denote by X, 4 the moduli space of stable maps [8, 37] of degree d € Hy(X;Z) from
n-pointed, genus g curves to X. This is a compact complex orbifold. In the case where the
target space X is a point, it coincides with the Deligne-Mumford space M ,. The space
Xgn,a can be equipped [7, 44, 60] with a virtual fundamental class [Xg na] € Hi(Xgn.a; Q)
of complex dimension (1 — ¢)(D — 3) +n + (c1(TX), d).

There are natural maps
evi: Xgna— X 1=1,2,...,n
given by evaluation at the ith marked point,
T Xgntl,d — Xgnd

given by forgetting the last marked point and contracting any components of the curve on

which the resulting map is unstable, and
Ct : Xg7n7d — ./\719771
given by forgetting the map and contracting any unstable components of the curve. The

diagram

€Vnt1 X

Xg,n—l—l,d

Xg,n,d

is the universal family over X, , 4. The marked points define sections
0;: Xgnd— Xgniid 1=1,2,...,n

of the universal family.
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1.2.2 Gromov—Witten potentials

Gromov—Witten invariants are intersection indices of the form
eviag AR A LA evE ap Al
T DAL Aevy oy n
[Xg,n,d]

where aq, ..., € H*(X), k1, ..., ky, € N and 9; is the first Chern class of the ith universal
cotangent line bundle L; — X ,, 4. If any of the k; are non-zero, the corresponding Gromov-—
Witten invariant is called a gravitational descendent invariant. We will use the following

correlator notation: given polynomials (or power series)

a1 (¥) = ad +aly + ad? + . ..
az(¥) = a9 + adyp + ad? + . ..

an(¥) = a +aly +ay? + ...

in H*(X)[¢] (or H*(X)[[¢]]) and b € H*(X,.4), define

(ar,a9,...,an;0)gnd= / (Z evy a'fl /\¢fl> A A (Z ev’ akn A¢n”> Ab
[Xg,n.al "y >0 kn >0

and

(a1, ag,.. ., an)gna = (a1,a2, ..., an; Vg nd
The genus-g Gromov—Witten potential
Qd
fg( = Z F<t(¢)7 t(¢)7 ) t(¢)>g,n,d
n,d

is a generating function for genus-g Gromov—Witten invariants. It is a formal function of
t(z) =to+tiz+... € H*(X; A)[z] taking values in the ring A, which is assumed to contain
an appropriate Novikov ring C[[Q]] (see [49]). We will specify A more precisely in the next

section. The total descendent potential
Dx = exp (Z hg_l}")g(>
g

is a formal function of t which takes values in A[Jh, A~1]]. Despite the presence of both A

and A~! in the exponent, it is well-defined : see Lemma 1.3.1 below.
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1.3 Givental’s quantization formalism

1.3.1 A symplectic vector space

Consider the symplectic (super)vector space
H = H*(X;A0)(z7")

where the indeterminate z is regarded as even, equipped with the (even) symplectic form

Of.g) = = 74 (F(~2),9(2)) dz

- 2mi
Here Ay = C[[Q] is an appropriate Novikov ring, (-,-) denotes the Poincaré pairing on
H*(X) and the contour of integration winds once anticlockwise about the origin. The po-
larization of (H°, ) by the Lagrangian subspaces
HY = H*(X)[2]
HY = 2" HA(X)[=7']

gives a symplectic identification of H° with the cotangent bundle T*HY . Pick a homogeneous
co-ordinate system {q,} on HY and let {p,} be the dual co-ordinate system on H, so that

{Pa, @} forms a Darboux co-ordinate system for 2

Af,9) =Y (Palf)dalg) — (=1)Pq0(f)palg))

a

Example 1.3.1.1 This example introduces notation which we will use throughout Chapter

1 without further comment. Denote the dimension of H*(X) by N. Let
{¢po :x=1,...,N}

be a homogeneous basis for H*(X) such that ¢1 = 1, and let gog = (¢, dg). Write g* for
the entries of the matrix inverse to that with entries gog. Then
> aftazt +> plg% o (—2) (1.1)
k>0 1>0
gives such a Darboux co-ordinate system on (H?,Qq). Here and throughout this chapter,
we use the summation convention for Greek indices but not Roman indices. In other words,
we sum over repeated Greek indices. Such indices will always correspond to directions in
H*(X). We raise (respectively lower) indices with g®° (respectively gas), so for instance in

(1.1) we could write g%, as ¢°. o
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1.3.2 Completions

In what follows, we will need to extend the ground ring Ag in various ways and work with
various completions of H?. For instance, we will often equip the ground ring Ay with the

Q-adic topology and replace H° by the space

H = {Z hiz® : by € H*(X; Ag), hy — 0 in the topology of Ag as k — oo}
keZ
Also, we often work with S'-equivariant Gromov-Witten invariants [26], which take values
in H*(BS'; C); here and throughout we identify H*(BS"'; C) with C[)\], where X is the first
Chern class of the universal line bundle over CP*°. In this situation, we extend the ground
ring to Ay = Ag()), equip As with the (Q, 1/))-adic topology, and replace H" by the space
H? = {Z hiz® : hi, € H*(X; Ay), hy; — 0 in the topology of Ay as k — oo}
keZ
Also, in section 1.6.3, we will need to extend the ground ring to Az = Ag[[so, s1, .. .J]]. Here
we equip Ag with the topology induced from the (@, 1/))-adic topology on A3 by the map
A3 — As

Sp — Ak
and replace HY by the space
H = {Z hiz® : hy, € H*(X; As3), hj; — 0 in the topology of Az as k — oo}
keZ
Throughout, we will denote the relevant ground ring by A, the relevant completions of
HY, H(j_ and H® by H, H,4 and H_ respectively and assume that Q and the Darboux co-
ordinates {pq, g»} have been extended to H in the obvious way. Exactly which completion
and ground ring we are using at any point should be clear from context. The completions

are necessary to ensure that various symplectic transformations, such as those in Theorem

1.5.1 and Theorem 1.6.4, really do act on H.

1.3.3 Quantization procedure

We associate to each infinitesimal symplectomorphism A : H — H a differential opera-

tor A of at most second order via the following (standard) procedure. The infinitesimal
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symplectomorphism A corresponds to a quadratic Hamiltonian

ha(f) = 5 QAF. f)

In Darboux co-ordinates {pg, g}, we set

q/‘q\ _ daqb

adb 7
9
9aPb = qa D4
_ 0 0

DPaPo = hy———
¢ a(Ja a(Jb

By linearity, this determines a differential operator A acting on functions on H. . We will also
need to quantize certain non-infinitesimal symplectomorphisms. We call transformations of
the form S = exp(A), where A is an infinitesimal symplectomorphism of the form
A=Y Anz" Ay €End(H*(X))
meZ
elements of the loop group, and set

S = exp(A)

Define the Fock space Foct to be the space of formal functions of t(z) = tg +t12+ ... €
H*(X; A)[2] which take values in A[[i, ~!]. We regard this as a space of formal functions
inq(z) =qo+ ¢z + ... € Hy via the identification

q(z) =t(z) — 2

which we call the dilaton shift. The dilaton shift identifies the Fock space with a space of
formal functions on H near q = —z. The differential operators q,qp, @aDp, and pepp act on
Soct via this identification. Note, however, that the quantizations A may contain infinite
sums of such operators and so do not in general act on Foct. Each time that we apply the
quantization of an infinitesimal symplectomorphism (or of an element of the loop group) to
an element of Fock, we will therefore need to check that the result is well-defined. Many of

these verifications have very little geometrical content; these are relegated to Appendix A.

Example 1.3.3.1 Consider an infinitesimal symplectomorphism of H of the form

A= Bz™
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where the matrix entries of B € End(H*(X)) with respect to the basis of Example 1.3.1.1

are B%. Here and throughout the rest of the chapter, set

0
Ok = Gom

A straightforward calculation shows that

: 1 1 k+ B B
ifm <0 then A= o 2};(—) mBaﬁqugl—k—m - %:Baﬁqk O k+m

and

ifm>0 then Z ﬁqk o k4+m T = Z kBaﬁa@kaa’m_l_k
k k

In particular, this shows that infinitesimal symplectomorphisms of the form

> Ap” A, € End(H*(X))

—oco<m<N

have quantizations which act on Foct.

Denote the expression

> B4} Oajosm
occurring in (1.2) and (1.3) by 4. Wekhave
daq = (Z Bagq,f@a,k+m> (21: q7¢yz’>
= (X Balea ]

k
= [Ad]+

Also, 03 ,0q,m—1—# is the bivector field corresponding to

Dat © do ™ IR € HF(X)[py] @ HX(X)[-] = Hy ® Hy

For m odd and positive, we have

m—1
Yok ypm—1—k _ Py + P
2 T =

(1.2)

(1.3)
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and consequently we can interpret the term
Z(_)kBaﬁaﬁ,kaa,m—l—k
k

occurring in (1.3) as the bivector field 0 ® 4 9 corresponding to

[A(¢+) +AY-)
Y+

where we identify End(H*(X))[[¢+,v_]] with Hy ® H4 via the metric. The [-]; here,

which denotes the part involving non-negative powers of both ¢, and _, ensures that this

|, € Baatr oy v

interpretation is (vacuously) correct for m odd and negative also. o

Example 1.3.3.2 The string equation (see e.g. [54]) asserts that for (g,n,d) # (0, 3,0),
(1,1,0) we have

=1
Thus
Q'hs! Qo [4)
> (ot ) s =3 TE(M] ey, ew)
+ o= (60, 60), Voo + (V110
and so

But we can write this as

~gtbaasdd ~ X T ([IO] ),y <o

or in other words as

_%qg[gaﬁ(k? - al/z (Z hg_l}—g(> =0
g

Thus the string equation is
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Example 1.3.3.3 Let p € H?(X). Multiplication by p defines a transformation of H*(X)
which is self-adjoint with respect to the Poincaré pairing, so multiplication by p/z is an
infinitesimal symplectomorphism of H. The divisor equation (see e.g. [54]) asserts that for

(ganv d) 7£ (07 37 0)7 (17 17 0) we have

(1Y), .. 1 (V) Pgna =P, d)(t1(¥), ..., tn1(¥))gn—1,a

+§<t1(¢),..., [p tiff)L,...,tn_l(w>>gn_ld
> m,

Thus
Qino! QU /T t(y)
g;d(n_1)!<t<¢>,...,t<¢>,p>g,n,d —gzd (n_l)l<[p : L,t<¢>,...,t<¢>>w

dyg—1
* Z < Zi (p, d)(t(¥), ..., t(¥)) g.n.d (1.4)
g,n,d :

1
+ %@(W, t(¥), plozo + (P)1,10
Let {Q;} be the generators of the Novikov ring corresponding to some choice of basis for
H5(X;Z), and let p; be the co-ordinates of p with respect to the dual basis. We can rewrite

(1.4) as

L ltapite) - thg_1!<[p WO ttwostle)) =

2h o (n—1)

0 _ 1
;pi@i@<; h9 17:?() _ﬂ/Xp/\CD—l(TX)

The left-hand side of this equation is

—2—1h(top, to) — 9, (Z hg—lfgg)
g

and so we can write the divisor equation as

—

(g)DX = (Z:PZQZ% - i/XP/\CD—l(TX)>DX
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Lemma 1.3.1. Dy is well-defined as a formal function of t(z) taking values in AJh, A~1].

Proof. Let the (A, t, Q)-degree of a monomial

QIR (A ) L (¢ )i (1.5)

in

be (9—1,j1+ ...+ jn,d). Since j1 + ...+ jn is the degree of (1.5) with respect to the Euler

vector field
> o
r ot;
this quantity has invariant meaning. Monomials in
-1r9
DML
920

of (h,t,Q)-degree (a,b, c) correspond to non-zero Gromov—Witten invariants coming from
the moduli space X441 Since the moduli spaces X0 and X; g0 are empty, if ¢ = 0
then at least one of a and b is strictly positive. Also, since each moduli space X, g4 is

finite-dimensional, there are only finitely many such monomials of any given degree.

A monomial of degree (a, b, ¢) arises in
Dx = exp (Z hg_l}")g(>
920

only if we can find monomials in

> wTtF

920

of degrees (ay,b1,c1), ..., (ay, by, ¢,) such that
al+...+a,=a bi+...+b,=0 ci+...+te,=c

In view of the above, there are only finitely many choices for the {(a;, b;, ¢;)}. But there are

only finitely many monomials of each given degree in

> wTtF

920

and so there are only finitely many monomials of each given degree in Dx. O
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1.3.4 Cocycle

The quantization procedure gives only a projective representation of the Lie algebra of

infinitesimal symplectomorphisms. For infinitesimal symplectomorphisms F' and G we have
[F,G) = {F,G}" +Clhr. hc)

where {-,-} is the Lie bracket, [-,-] is the supercommutator, hp (respectively hq) is the
quadratic Hamiltonian corresponding to F' (respectively G), and C is the cocycle defined by
C(papba QaQb) = O0gb + (_1)(7“@7

C =0 on any other pair of quadratic Darboux monomials

We will often abuse notation and write C(F, G) for C(hp, hq).

Example 1.3.4.1 Let A, B € End(H*(X)) be self-adjoint with respect to the Poincaré
pairing, so that A/z and Bz define infinitesimal symplectomorphisms of H. Then

C(A/z,Bz) = 5 Lstr(AB)

In the even case, for example

1 1
_ 8 5
C(A/z,Bz) = C(— 5 Aapdodd — §k A%qpE_1, — E Blai vy + 5 B“”p5p5>

= L A B Clplpl, adas)

= %AaﬁBﬂy(éyﬁé‘ua + 5;;651104)
= 1 (AagB*® + AupB"®)

1
3 A%GB"
= Lstr(AB)
The general case is entirely analogous, but involves more minus signs. o
If we write
sp, = {infinitesimal symplectomorphisms A = 3", _; An2™, Ay, € End(H*(X))}
sp_ = {infinitesimal symplectomorphisms A = 3", _; An2™, Ay, € End(H*(X))}

then quadratic Hamiltonians corresponding to operators in sp, contain no g,g, terms, and
quadratic Hamiltonians corresponding to operators in sp_ contain no p,pp terms. The cocy-

cle therefore vanishes when restricted to sp, or to sp_, and so the quantization procedure
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gives genuine representations of these subalgebras. As a consequence, given an element S

of one of the groups
Sp, = {symplectomorphisms A = 3" -, An2", Ap € End(H*(X)), Ao = I}
Sp_ = {symplectomorphisms A =3 An2", A € End(H*(X)), Ao = I}

(which have Lie algebras sp__, sp_ respectively) we can define its quantization S to be exp A
where S = exp A. We record here explicit formulae for the quantization of elements of Sp_

and Sp, :

Proposition 1.3.2 ([30]). Consider a symplectomorphism of H of the form
S(z) =I+51/z+83/2>+... €End(H*(X))[z7']

Define a quadratic form on Hy by

Ws(a) = > (Whar, a)
ol

where

q=¢q +qz+...

and

Wi S*(w)S(z) -1
%

l
zZ4+w
sz +

Then the quantization of S~1 acts on Fock by

(579 = exp( T2 ) g(sal.)

where [Sqly is the power series truncation of S(z)q.

Proposition 1.3.3 ([30]). Consider a symplectomorphism of H of the form
R(z) =1+ Riz+ Ry2*>+... € End(H*(X))[2]

Define a quadratic form on H_ by

Ve(p) = > (pr, Vumr)
ol

!This definition makes sense as S*(—z)S(z) = I.
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where

andQ
Z(—)k“Vuwkzl — R (w)R(z) — 1
ol Z 4w

Then the quantization of R acts on §oct by

(Ro)(a) = |exp( "B g (R

where Vr(0q) is the second-order differential operator obtained from Vr(p) by replacing py
by differentiation Oy in the direction of qy..

1.4 The genus-zero picture

We regard the genus-0 Gromov—Witten potential .7-"9( as a function on H, via the dilaton
shift. Since the polarization

H=H, dH_

identifies H with the cotangent bundle T*H, , the function .7-"9( defines a Lagrangian sub-

manifold
Lx ={(p,q):p=dqFY} CH

We will see in the next section that L£x has some very special properties — it is a homo-
geneous Lagrangian cone swept out by a finite-dimensional family of isotropic subspaces of

H.

Taking the limit 7 — 0 in the quantization procedure described in the previous section, we

find that applying a quantized infinitesimal symplectomorphism A to an element

exp(Z hg—lfg(q)> € Fock (1.6)

920

corresponds to changing the Lagrangian submanifold

{(p,a@):p=dqfo} CH (L.7)

2This definition makes sense as R*(—z)R(z) = I.




1.4. THE GENUS-ZERO PICTURE 43

by the Hamiltonian flow of h4. Exponentiating this statement, we see that applying a

quantized symplectic transformation exp(A) to (1.6) corresponds to moving the Lagrangian

submanifold (1.7) using the (unquantized) symplectic transformation exp(A).

We next identify the roles of two objects familiar from genus-zero Gromov—Witten theory
— the J-function and the fundamental solution [26, 28, 15] — in our geometric framework.
It will be convenient to extend our correlator notation: for polynomials (or power series)
a1(¥) = af + al 4+ a® + . ..
as(Y) = a3 + adip 4+ a3 + . ..

am(¥) = al, +a o +al i+ ...

in H*(X)[¢] (or H*(X)[[¢]) and 7 € H*(X), we set

d n
o N—
<<(11, az, ..., am>>g,m(7_) = E n <(11, A2y v ooy Amy Ty Ty oo ey T>g,m+n,d
n,d ’

1.4.1 The J-function

The J-function [26, 28] is a formal function of t € H*(X; A) defined by

(Jx(t),a) = (z +t,a)+ << >>071(t) VYa € H*(X;A)

a
z=9
It takes values in H*(X;A)((27!)). We expand the term 1/(z — 1) which occurs here as a

power series in .

Consider the slice

{-z+t+H_}CH

which corresponds to setting the descendent variables ¢, t2, . . . to zero. A point of £x which

lies on this slice is

n—1

d o
_z+t+z%Z<t,t,...,t,¢a¢i>0,n,d¢7

(_Z)i—l—l

Rewriting this as

—z4t+ Yy << _ji ¢>>071(t)¢a

we see that the point of Lx above —z +t € Hy is Jx (t, —z2).
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1.4.2 The fundamental solution

The fundamental solution [15, 26]
S(2) =I+81/z+S2/2%+ ... € End(H*(X)[z~!]

is defined by

u

_¢7v>>072(7) Yu,v € H*(X; A)

z —

(5 (o) = (w,0)+

Note that S;(z) depends on 7. We will see that, for each 7, S;(z) defines a symplectomor-
phism of H. This will follow from:

Proposition 1.4.1. Let
Sap(z) = (5:(2)¢p, ¢a)

Then

Sualw)g50a(2) = G+ u){( 20 P () 4 g

Proof. The string equation shows that

and so

Sua@g50a2) = 2wl =2 10,) (812N )

The argument which proves the WDV'V identity (see e.g. [54]) also shows that this quantity

is equal to

ol 2 0, (6 (61 Doalr)

Schematically:

4 w z w
i‘%(l; R 1 !

Figure 1.1: A cryptic picture
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Applying the string equation again, we see that

(bv,1,1)0,3(7) = (bu, 1, 1)0,3,0

Suaw)gS5,5(2) = {2 1) ()

A final application of the string equation yields

vo o) — sl (Lo LY _ta 05 o 5
Sualw)g™ Sual2) = Zw((?: * w><<w — 9’ Z—¢>>0,3(T) " <w —¢’z —¢71>07370>

- w)<< w%’ z% >>0,2(T> e

Corollary 1.4.2. For each 7, the operator S;(z) is a symplectomorphism of H.

and so

Proof. In view of our choices in section 1.3.2, S;(z) defines a linear transformation from H

to itself. Putting w = —z in Proposition 1.4.1 gives S*(—2)S(z) = I. O

1.5 Ancestors and descendents

There is a map

Ctmtnm : Xgmind — /ng
defined by forgetting the map and the last n marked points and then contracting any
unstable components of the resulting marked curve. Denote by L, ; the pullback of the ith
universal cotangent line over /ng via ctyqn,m, and let @ml € H*(Xgm+n,a) be the first
Chern class of L,, ;. We further extend our correlator notation as follows: given polynomials

(or power series)

ar(y,¥) = > af il
(2]

ax(yp,¥) = > ag il
(2]

am(¢a 'LZ) = Z G%Qﬁl'&j
0, J



46 CHAPTER 1. QUANTUM COHOMOLOGY

in H*(X)[1, %] (or H*(X)[[%,]), together with cohomology classes
{bmmn,d € H(Xgminda) :n €N, de Hy(X;Z)}
and 7 € H*(X), we set

<<(11, ag, ..., Qm; {bm,n,d}»g,m(T) =

m+n

d
ZQ_'/ em71/\em72/\.../\em7m/\< /\ evf7‘> A b
n.d e JX g min.dl i=m+1
where
Cm.k :Z(ev’,;a?)%ilﬁﬁn’k k=1,2,...,m
,J
Write

(a1, az, ..., am)gm(7) = (a1, az, ..., am; {1}) g,m(7)

The genus-g ancestor potential [30] is

F =3 (#@), o 6@ gon()

where the sum is over m such that M g,m is non-empty. It is a formal function of 7 €
H*(X;A) and t(z) = tg +t1z + ... € H*(X;A)[z] which takes values in A. The total

ancestor potential is

A, = exp(Z hg_lfi')

920
We regard this as a formal function of t depending on the (formal) parameter 7. It is

identified with an element of the Fock space via the dilaton shift

q(z) =t(z) -z

The argument of Lemma 1.3.1 shows that A is an element of Foct (which depends on 7).

In other words, A, is well-defined as a formal function of t (and 7) with values in A[[s, A~1].

The following Theorem, due to Givental, describes the connection between the total de-
scendent potential Dx and the ancestor potentials A;. It is essentially a reinterpretation
in our framework of a result of Kontsevich and Manin [39]. A similar result was obtained

independently, in a different context, by Getzler [22, 23].
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Theorem 1.5.1 ([30, 12]). Let
FY 1) = FX(t) lto=r.trmto=..=0
denote the genus-1 non-descendent Gromov—Witten potential of X. Then
DX = €F1(T)S';1.Aq—
Proof. Proposition A.0.1 in Appendix A shows that the right-hand side is well-defined as

a formal function of t and 7 near t = 0, 7 = 0. We will see below that it in fact does not

depend on T.

Suppose that ¢ and m are such that M g,m is non-empty. The bundles L; and I_/mJ over
Xgm+n,d are identified outside the locus D consisting of maps such that the first marked

point is situated on a component of the curve which gets collapsed by ¢ty 45 m.

rest of the curve, carrying
marked points 2,3,...,n

tree of genus-0 components carrying the first marked point
and any number of forgotten marked points

Figure 1.2: The locus where L and EmJ differ

This locus D is the image of the gluing map

i H XO,l—l—o—I—n’,d’ XX Xg,m—l—l—o—l—n”,d” — X, ;mA+n,d
n'+n''=n
d'+d"=d
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We denote the domain of this map by Y, , 4. The virtual normal bundle to D at a generic

point is Hom (L, 1, L), and so D is “virtually Poincaré-dual” to 1)1 — ., 1 in the sense that

[Xg,m—l—n,d] N (¢1 - "Zm,l) = i*[Ym,n,d]

We will concentrate on the first marked point, so suppress the content of the other marked

points from our notation. For any § € H*(X), we have

=(09 " Dgm(T)
+ {00 10, {ilYonn,al} ) g (7)

(O’ . Ngm (1) = (O TP (W = + ), .. Dgm(7)
. > g m(

and so
(00 p°, .. Ngm(T) =(O0 PO N g m(T) 1.8)
+ (00" duho2() g™ (D, . Dgm(7)
Thus
(to+t1y + 120 + ..., Ngm(T) = (Lo, - - Ngm(7)

+ {19, Dgm (1) + (t1, duo2(1)g" (Sus - - Ngm(7)
)
g

+ (t299, - D () + (20, pudo2(T) " (bus - Dgm(T)
-

which, applying (1.8) repeatedly, is

((to + (t1, ddo2(T)g" by + (t2h, b o2(T)g" du + .. ), - Dgm(T)
+{((t1 + (2, o2 (1) g b + (30, pudo2(T)g" du + .. ), - Ngym(7)
+ {(t2 + (s, dpho2(1)g" by + (ta1h, Do 2(T)g" G + . )P, . Dgm(T)
+ ...

But
(ti + (tivr, duo2(1)g" 0 + (tiv2th, dudo2(T)g" b0 + . ..)

is the coefficient of 2* in S;t, and so

where
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Applying the same argument at each marked point, we find that

{(t@), ..., tWgam(r) = (E(), ..., 8 (@) gm(7)

where

If instead, however, we set

q= [STq]—l-

then this sets
t =[S, t— S,z +2

We know that, for any v

([Sr2l4, v) = [2(S: L, v)l+

NS E YOl

d
= (z,v) + Z %(1, Uy Ty TVOm42.d
n,d :

= (z,v) + (1,v,7)0.3,0 (string equation!)
=(z+T1,0v)
and so
[Sr2ly =2+7T
Setting
q = [S-q]+
therefore sets
t =[St —7

But
F= 30 ), 6))gn 0)

g>0 """

which by Taylor’s theorem is equal to
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For g > 1, therefore, we have shown that
Fela) = Fl(@)  where  q=[S-qly

Note that .7:3 depends on 7 here, but F% does not. For g = 0 and g = 1 the same argument
applies but we need also to take care of the discrepancy arising from the “missing” moduli

spaces Mo, Mo 1, Moo, and M o. Thus:

Dx(a) = exp(%« Yoolr) + %«tw) —Doalr) + 5 (8(0) = 7ob(0) = Toar)
exp((() ) exp (Z F(q >

g>0

The contribution from M 1,0 is
{(Dr0(r) = Fl(7)
The contribution from the missing genus-zero moduli spaces is

(Do,0(7) + () = Thoa (1) + (t(vh) — 7, (1)) — Tho,2(7)

or in other words

d d
ZQ—,<7’ 0nd+ZQ T)on+1,d
nod n: n!
d
Z T)ontid + 5 ZQ (6,6, 7, ..., T)ont24d
d
—ZQ—,<13 T)on+2,d + 5 Z T)on+2,d
= n!
1 Q"
=3 ({6, tho,2(7) +Z—,(1 —n)(t, T, )0,n+1,d
n:
n,d
1 d
b33 - D= 2r - o
n,d ’

(t, tho2(r) — (t, ¥)oalr) + % (¥, ¥)oa(r) (dilaton equation)

l\:J|>—k l\DI»—\ N | —
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So
Dy (q) = e (Met/2ntaa)o2(m) 4 ([Sql,)

Applying Propositions 1.3.2 and 1.4.1, we are done. U

Corollary 1.5.2. If L. is the Lagrangian submanifold

L.={(p,q):p=deF} CH

then

Lr=5Lx

Recall that we denote the dimension of H*(X) by N. We are now in a position to prove

Theorem 1.5.3. Lx is a homogeneous Lagrangian cone swept out by an N -dimensional
family of isotropic subspaces. More precisely, for each £ € Lx the tangent space Ly =
TeLx C H satisfies

Lx N Ly = zLs

Proof. That Lx is a cone follows immediately from the divisor equation. We will deduce

the rest of the Theorem from the corresponding statement about L.

We first show that we can choose 7 such that [S f]; € zH,. Write f = (p, q). We need to

set the coefficient of zY in
(Srq,v)

equal to zero for all v € H*(X). By the string equation,

R =)

and so we need to solve
(1,a(®),v)os(r) =0 for all v € H*(X)

Thus we need 7 to be a critical point of the function

7= {1, q(¥))o2(7)
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(which depends on the parameter q € H, ). Since when q = —z this function has a non-
degenerate critical point at 7 = 0, there is a unique critical point 7(q) for all q in a formal

neighbourhood of q = —z. Choosing 7 = 7(q) gives [S;f]+ € zH.

For any q € zH; — in other words, for any q such that go = 0 — the ancestor potential
F S has zero 2-jet at q. This follows from the fact that the dimension of MO,m is m — 3.
Thus

and

In particular,

T(Q,O)ZT N Zq— D zZH,

Since the component of dF S in the pi-direction (i.e. the (—g"¥¢o/2)-component) is
gpqu g + higher-order terms

we see that

HyNL, C2Hy
and so
T(quT NL,=zHy
= 2T(q,0) L+
Applying Corollary 1.5.2 completes the proof. U

In particular this implies that the tangent spaces Lf to Lx are Lagrangian subspaces closed
under multiplication by z. They consequently belong to the Grassmannian corresponding

to the twisted loop group A®). For more on this point of view, see [25].

1.5.1 The J-function and the fundamental solution again

Since the codimension of zLf in Lg is N, Theorem 1.5.3 shows that given a generic IN-
dimensional slice of Lx:

{J(t):te H(X)} C Lx
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the cone is swept out by

{ZLJ(t) cte H (X)}

To see that the J-function Jx (¢, —z) gives such a slice, we need to check that the image
of t — Jx(t,—z) is transverse to the ruling by zL;, (). The tangent space Lj, ) is

spanned by the vectors

Vi = Pa?' + Zaa,iab,jfguq:t_z% 1<a<N,ieN
J
= ¢oz' + 0(1/2)
and so the ruling is spanned by
Wi = ¢z T+ O(1) 1<a<N,ieN

Since

a%m, —2) = é5+ O(1/2)

the family ¢t — Jx (¢, —z) is indeed transverse to the ruling.

Also
Saﬁ(_z) = aa,O(JX(ta _Z))ﬁ
=Jap + O(l/z)

and so the same argument shows that the columns of the matrix S§(—z) form a basis for

Lygt—2)/ 2Ly t,—2)-

1.6 Twisted Gromov—Witten invariants

1.6.1 Twisted Gromov—Witten invariants

Consider the universal family over X , 4

€Vnp+1 X

Xg,n—l—l,d

Xg,n,d
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Given a holomorphic vector bundle E over X, set
Egna=mxevi B € KX n,4)

Given also an invertible multiplicative characteristic class of complex vector bundles c(-),

define the (c, E')-twisted genus-g Gromov—Witten potential to be
Qd
fg,E = Z F<t(¢)a ceey t(¢)§ C(Eg,n,d)>g,n,d
n,d

This is a formal function of t(z) = tg+t12+... € H*(X; A)[z] which takes values in A. The
Taylor coefficients of .7-",:97 p at t = 0 are called (c, F)-twisted Gromov-Witten invariants.

The (c, E')-twisted total descendent potential of X is defined to be

De.p = exp (Z hg_lfg7E>
9

The argument of Lemma 1.3.1 shows that this is well-defined as a formal function of t
taking values in A[[h, A~1]]. We identify it with a formal function of q (near q = —V'¢c(E) 2)
via the twisted dilaton shift?

q(z) = Ve(E) (t(2) — 2)

Since the intersection pairing arises in Gromov—Witten theory via intersection indices on
Xo,3,0 = X, when working with the (c, E)-twisted theory we use the twisted intersection
pairing

(01,02)c,E = / 01 N6y A c(F)
X

The symplectic space associated with the (c, E)-twisted theory is (He¢, g, Qe ), where

Hc7E - H
and
1
Qes(f.9) = 52 PU2), 9 dz
i
The map

(H*(X), (-, )ep) — (H*(X),(-,-))
z— Ve(B)x

3Note that in the equivariant situation considered below this requires that we further extend the ground
ring A by vVX.
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identifies the twisted and untwisted intersection pairings, so the map
(HC,Ea QC,E‘) - (Ha Q)
x— Ve(E) x

identifies the symplectic spaces (He, g, Q) and (H, Q).

Notation

Any invertible multiplicative characteristic class ¢(-) takes the form
o) = exp(D snehy(-))
k>0
We write s = (80, S1, S2, . . .) throughout. We will often suppress the notation for the bundle

FE and write s instead of ¢, for example writing
(Hs, Qs) instead of (He 5y Qe.E)

and

FY instead of Flg

Lagrangian cones

The twisted genus-0 potential, regarded as a function on H, via the twisted dilaton shift,

determines a Lagrangian section
Ls={(p,q):p=doFJ} CH

One can think of this as arising in two stages. First, regard F? as a function on (Hg); C
(Hs, Qs) via the untwisted dilaton shift. The graph of its differential gives a Lagrangian
submanifold £ C (‘Hg, Qs) which is identified with the submanifold L5 C (H, Q) via the
map
(He,: Qe,p) — (H, Q)
x — Ve(E) x

The twisted J-function Je g is defined to be the section of L3%; over the slice

{-z+t+H_:te H(X)}
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In other words

=0 C(Eo,n+1,d)>

d n
— a
(JC,E(ta Z), a)C,E = (Z + tv a)C,E + § Q_'<t7 sy ta
ol n: z 0,n+1,d

If we write §og = (¢a, ¥8)c,p and g% for the entries of the matrix inverse to that with
entries g3 then

Jep(t,z)=z+t+ <<Z<Ji_a¢7 C(Eo,n+1,d)>> (75)0,1§a5¢6

Sl-equivariant Gromov—Witten invariants

In applications below — in particular, in the proofs of the Quantum Lefschetz Hyperplane
Principle and Quantum Serre Duality — we will need to take c equal to the Euler class.
This currently falls outside the domain of our construction: the Euler class is multiplicative,
but it is not invertible. We get around this problem by turning on the natural S'-action
on all vector bundles: if F' is a vector bundle over a space Y then the Euler class of F' is
not invertible, but the S'-equivariant Euler class of F, where Y carries the trivial action
and F' carries the action which rotates fibers, is invertible over C(\). We therefore often
work with Sl-equivariant Gromov-Witten invariants [26], where X and the moduli spaces
Xgn,a carry the trivial Sl action and E and the sheaves Eg .4 carry the Sl-action which
rotates fibers, and regard all characteristic classes as S'-equivariant. This entails extending
our ground ring A (see section 1.3.2), but otherwise all constructions from previous sections

go through word-for-word.

1.6.2 Various preparatory lemmas

In section 1.6.3 below, we will apply the Grothendieck—Riemann—Roch theorem to the uni-
versal family 7 : Xy 414 — Xgna to determine the relationship between twisted and
untwisted Gromov—Witten invariants. We collect here various lemmas of a geometrical char-
acter which will be needed in that computation. The first concerns the behaviour of Ey ,, 4

on a certain stratum consisting of nodal curves.

Define the singular locus Z in the universal family X, ;114 to be the locus of nodes of the

fibers of w. This has virtual codimension 2 in the universal family. It coincides with the
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range of the gluing map

~ ~ Yred ]_I Yirr 7
Zred H Zipy ——— Z — Xg,n—l—l,d (19)
where
Zred = H Xg+,n++o,d+ XX X0,1+o+o,0 XX Xg,,n,—l—o,d,
9=9++g-
n=n4-+n—
d=d+d_
and

Zirr = Xg—l,n—l—o—l—o XX xX X0,1+o+o,0

The virtual fundamental class behaves well on this locus, in the sense that the restriction of
the virtual fundamental class of X ,11 4 to Z coincides with the pushforward of the virtual

fundamental class of the domain of (1.9) via the gluing map.

Lemma 1.6.1. Denote by p and p_ be the projections onto the first and third factors of
ZNW. We have

7:ed’L.*Eg7n+17d = ]911‘_E‘g+7n+_|..7d+ + ptEg,JL tod. —eVA E (1.10)

and

’)/Z;T’L.*Eg’n_FLd = Eg—l,n—l—o—l—o,d — eVZ E (111)

where eva 1s the evaluation map at the point of gluing.

Proof. Since 7 : X 41,04 = Xgn,d is a local complete intersection morphism [58], there is

a complex

0 1
0 Egna — Egna 0
of vector bundles on X, 4 with cohomology sheaves equal to
Rm,evi (E) and Rlmeevy i (E)

Eg 5.4 is defined to be the difference [ES% a - [E;n 4); this does not depend on the choice

of complex. Consider first the case where ROm, ev} ,,(E) = 0. Then

0

0 1
Eyng — Egna
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is an exact sequence of vector bundles, and so R'm, ev},,; (E) is a bundle also. We will prove

(1.10) in this case by comparing the fibers of the vector bundles

_7:edi*Egyn+17d and (_piEg+7n++.7d+) ©® (_pt ngvnf'l'ovd*)

at the point
(((C—I-ve—l-)vf—l-)v ((0—76—)7f—)) € gred

Applying Serre duality, the fibers in question are
HO(Cvf*Ev®wC)v and HO(C—I-vf—T—E\/®WC+)\/EBHO(C—7JC§E\/®WC?)V

where
((Cie), f)

is the stable map obtained from the stable maps

((C—I-ve—l-)vf—l-) and ((0—76—)7f—)

by gluing, and we, we, , we_ are the dualizing sheaves on C, ', C_ respectively. But the
dualizing sheaf wo consists of meromorphic 1-forms on C which are holomorphic away from
the nodes and have at most simple poles at the nodes, such that the two residues at each

node sum to zero. There is therefore an exact sequence
0— HYCy, f1EY@we, ) HY(C_, f*EV®uwc_ ) — HY(C, f*EY®wc) — evi EY — 0

which when dualized gives (1.10). An entirely analogous argument proves (1.11) in this case

also.

For the general case, take L to be a positive line bundle, N > 0 and consider the exact

sequence

0 Ker — H (X, Eo LN )L™ E 0

of vector bundles on X. Write
A=H'X,E@ LMo LN
B = Ker

If d # 0 then for sufficiently large N both R°m, evy ; A and R%r,ev},; B vanish. In this
case we have

Eg,n,d = Ag,n,d - Bg,n,d
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where the argument above applies to both A, ,, 4 and By, 4.

In the remaining case, when d = 0, R, ev? 11 F does not vanish. However, in this case
ROm, ev},, E is the trivial bundle with fiber E and R'm, ev} , E is also a vector bundle.

Our previous argument therefore deals with this case also. This completes the proof. O

A similar argument proves

Lemma 1.6.2.

*
T Egnd=Egnt1,d

1.6.3 A quantum Riemann—Roch theorem

We will determine the relationship between twisted and untwisted Gromov—Witten in-
variants by applying the Grothendieck—Riemann—Roch theorem to the universal family
Tt Xgny1,d — Xgnd (see [63, 17]). We justify this as follows. Fulton [19] proves the

Grothendieck—Riemann—Roch theorem for proper l.c.i. morphisms of schemes f: X — Y
ch(fra) = fi(ch(a) TdTY) for any a € K°(X)

The map f: X — Y is l.c.i. if for some (and hence for any) factorization

) P

Y

with i a closed embedding and p smooth, ¢ is in fact a regular embedding. This means that
the normal sheaf of X in P is locally free, which is exactly what we need to define the

“virtual tangent bundle”
Ty = [i*Tpyy] — [Nx/pl € K%(X)

Note that, despite the suggestive terminology, this has no simple relationship to the virtual

fundamental class.

We apply this to our situation as follows: the moduli space X, 4 can be realized [20] as

the orbifold (stack) quotient of a subscheme J of a Hilbert scheme by a proper action of
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the group G = PGL. The universal family 7 : X, 114 — X4 is the quotient by G of
the universal family U — .J. One way* to define the Chow groups (or cohomology groups)
of Xy na with rational coefficients is as the G-equivariant Chow groups (or cohomology
groups) of J. In other words [16] we take a family of finite-dimensional approximations
J(n) to the Borel space EG x¢ J and define the Chow groups (or cohomology groups) of
Xgn,d to be the limit of the Chow groups (or cohomology groups) of the Jiyy. Let U
be a similar family of finite-dimensional approximations to FG xg U. We apply Fulton’s

Grothendieck—Riemann—Roch theorem to the maps
Ty Uy = I
These maps are l.c.i. since the universal family U — J is manifestly l.c.i. We find that
ch(m, ev* E) = m,(ch(ev* E)-Td" Q) (GRR)
where ) is the sheaf of relative differentials of 7 : X414 — Xy pnd-
Recall that o; : X454 — X4 nt1,4 is the section of the universal family defined by the ith

marked point. Let ¥, ¥_ denote the first Chern classes of the bundles over Z formed by

the cotangent lines at the nodes.

Proposition 1.6.3.

[Xgmdl N h(Eypna) = [Xgna Nmlev*(ch(E))- (codim-0]+ | codim-1]+] codim-2]))
(1.12)

where

o] = T Ly
n V; )

=Yoo T
i—1 [ +

, . 1 TdY (Ly) TdV(L_)>]
_Z*[mw_( T

and [- ]+ denotes the power series truncation of a Laurent series in 1; or in ¥y and p_.

Proof. We will express the sheaf Q. of relative differentials appearing in (GRR) in terms

of universal cotangent lines.

4That this agrees with the usual definition of cohomology groups is obvious; that it agrees with the usual
definition of Chow groups follows from work of Kresch [40] (see also [16]).
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Assume first that the image 7(Z) of the singular locus forms a divisor with normal crossings

in Xy, 4. Then there are exact sequences

0 Qr W Oz 0 (1.13)

and

0 Wr Lypt1 — EB?:lai*OXg,n,d — 0 (1.14)

where w; is the relative dualizing sheaf of the family m : X, 114 — Xgn 4. To establish
(1.13), note first that Q. and w, coincide away from Z. Let C be a point of Z. We can find
co-ordinates (z, €) near 7(C) and (z, x,y) near C where z is a (vector) co-ordinate along Z

and the map m in these co-ordinates is

7 (z,2,y) — (2, 2y)

Sections of w,; near C have the form

dx A\ dy

where

feay =3 fyaiy
1,5>0

Sections of 2, near C have the form

a(z,,y)de + B(z,2,y) dy

where
alzm,9) = Y ay(2)aly
1,520
Bz my) = Y Bty
1,520

and we impose the relation z dy + y dx = 0. There is a natural inclusion

Qr — wr
dx N dy
d(zy)

alz,,y)de+ B(z,z,y)dy — (volz, 2, y) — yB(z, z,y))

The cokernel consists of elements of the form

dx A dy

foo(2) A(zy)
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The expression
dx N dy

d(zy)

represents a locally constant section of the (orbi)bundle
2 ~1 ~1
/\ (Ly oL )@ L' ® L

over Z, so we can identify the cokernel with i,Oz. This establishes (1.13); an entirely

analogous argument gives (1.14).

Combining (1.13) and (1.14), we find that

O =Lop1— »_0u0x,,,— .0z in K'(Xgni1a) (1.15)
=1
and so .
Td” (@) = Td" (Ly1) ([[ Td” (<040x,,,,)) Td" (=i, 0z) (1.16)
=1

We can write

TdY () = exp(Z tr chy(- )>

k>0
where tg = 0 (and in fact t; = % and ty = —By/k for k > 2, but we will not need this).
Thus

TdY (—i,0z) = eXp(— Ztk Chk(i*oz)>
k>0

Applying Grothendieck—Riemann—Roch again, we see that
chi(i,0z) = i, (TdY (=Ly — L_))p_o

since the (l.c.i.) virtual tangent bundle T} is —L;' — L'. Here (z), denotes the component

of the cohomology class x in degree 2r. Therefore

. g ¢a¢g
chk(l*oz)—l*< Z (a+1;(b+1)!>

a+b=k—2
a,b>0

and if we set

B P
==t ) (a+1;(b+1)!

k>2  a+b=k—2
a,b>0
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then
TdY (—i,0z) = exp(i )

1t () Y Y

7!
r>1

Utl)—1
1 (e vn 1)
*

r—1

But

. vttt
aUil==> t Y ST

k>2  a+b=k—2

a,b>0
B - (CARSTILENTIY
E>2
= Ztk(Chk(L—l—) + chy(L_) — chy(Ly ® L))
k>0

and so

1 Td"Y (Ly)TdY (Lo)
R ( T (L,oL) 1>>
1 eV+t— _ 1

Y+ Y- (e¥t —1)(e¥ — 1)]+

TdY (—i,0z) =1 —I—z’*<

Applying the inclusion-exclusion formula for the Poincaré polynomial of Clz, y]/(xy)

1 —wv 1 + 1 1
1-uw)(l—-v) 1—u 1-—vw

with u = e¥+, v = ¥~ we find that

1 1 1
TdY (=i, 0z) = 1 +1,
(Fh0z) =1+ [¢++¢—<ew*—1+ew—1>]+

e I

A similar calculation yields

TdY (L;
Td" (-040x,,,) =1—0i [$]
. +

Vi

63

(1.17)
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Substituting into (1.16), we find

n

v 0 <1 1)« (T (1 o[22 )

i=1

(e (R E)L)

Since the divisors D; = 0;(Xg.4) and Z are mutually disjoint, and L, is trivial on D;

and on Z, this gives

- TdY (L-)] , 1 TdY (Ly) TdY (L.)
TdY (Q,) = TdY (Ly41) — ai*[il + iy +
() 1) ; (7R R CTR RV T v )l
(1.18)
which implies the Proposition.

In the general case, where 7(Z) is not a divisor with normal crossings, this argument remains

“virtually correct” in the sense that we can find an embedding [17]

Xg,n—l—l,d - C

Xg7n7d - M
of X 4 into a non-singular space M with a flat family of curves C — M such that
- the family C — M restricts to the universal family over X, 4
- we can extend the bundle ev*(E) over X, 41,4 to a bundle over C

- the argument above is valid for the family C — M

We recover the Proposition by capping (1.17) for the family C — M with the virtual

fundamental class [ X, 4] O

Proposition 1.6.3 will be the main tool in the proof of our “quantum Riemann—Roch theo-

rem”.
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Theorem 1.6.4.

exp( 24251 1/ chy(E cD_l(TX)>(Sdet @)_ips:

>0
) (1.19)
(X X samosr g2 () ) exp (3 s (ta(B)/2)") D
m>0 >0 >0

Proof. Proposition A.0.2 in Appendix A shows that the right-hand side is well-defined as a
formal function of t taking values in A[[i, A~']], where the ground ring A is C[Q])[[s0, 51, - - -]]-

It suffices to prove the infinitesimal statement

2o Y Zm@m) o

I
Osp, Imtr=k+1 (2m)!
m2>0

1

ﬂA@JmAmﬂ@H%/dmAm@)

- i e(X) Achy1 (B (Z s141 chy (B >

(1.20)

Dy

Here the second exceptional term arises from the superdeterminant

sdet \/@ = exp(str(In \/@))
—exp<1/ (Zsjch >>

and the third exceptional term is the cocycle value

B 1 =
C (72 El: si41 chy(E)z, chyqq (E)/Z> = —gstr (Ch’ﬂ'l (E)- 12 El: S+l Chl(E))

= — % e(X) Achg1(E (Z s141 chy (B >

coming from commuting the si-derivative of the 1/z-terms past the terms involving z (see

Example 1.3.4.1).

Now

9Dy Qn9!
D>

Os ol <t7 ..., tychy (Eg,n,d) A C(Eg,n,d)>g,n,d Ds
k !

g;n,d
(1.21)

Qn9~! <at >
- —,t,...,t;c(E,; Dy
+ E:d (’I’L — 1)' aska ) ) 7C( g, ,d) g

)10y
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Applying Proposition 1.6.3, we see that the first summand splits into three contributions
which we will call the codimension-0, codimension-1 and codimension-2 terms. We will
calculate these contributions, and also the derivative contribution (the other summand
n (1.21)), separately. The codimension-2 contribution will match up with the bivector
field part of the quantization in (1.20) (see Example 1.3.3.1). The other contributions will

combine to give the rest of the quantization and the exceptional terms in in (1.20).

Codimension-2 terms

These are

QInIt o ch(E) (TdY(L,) TdY(L_)
2 <t"“’t’”*“[<¢++w_< TS >>k—1]+c(Eg’"’d)>g,n,dDS

g.n,d

Pulling back to Ted]_[Z i and using Lemma 1.6.1, Lemma 1.6.2, and the properties of
the virtual fundamental class discussed on page 57, we can write this as

le +da 591 +g2—1

2 X S Y (bt el

g1,92 n1,n2 dy,da r,8

g1,m1+1,dy

(0l
X ,t,...,t;C(E , l,d)
< \% C(E) gzl g2,n2+1,da

1 thg—l ar,s¢i ¢i .
+ 5 Z nl Z <t’ S 2 \/C(E) ) \/C(E) 7C(Eg—1,n+2,d)>

gvn7d T8

;%S%w _ [( ch(E) (Tdv (Ly) N TdV (L_)>>k_1]+ A (6% 60 © b5)

g—1,n+2,d

where

Yy + P (2 (o
€ H*(X)[v4] @ H*(X)[v_]

and we have applied Lemmas 1.6.1 and 1.6.2. The factor of 1/2 here comes from the fact

that the map
~ ~ Yre ]_I'\/irr
Zred H Zirr e, Z

is generically 2-to-1.

Since the twisted dilaton shift gives
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a comparison with Example 1.3.3.1 shows that we can write the codimension-2 terms as

g (0 ®a, 0) Ds (1.22)
where
TdY (L) chy(E)
Ap = (ch(E) " >k + 5

We are abusing notation here: for consistency with Example 1.3.3.1 we should identify

Ap = (ZE(_EDk + Ch';(E)

with z:

Note that Ay is a series in odd powers of z with coefficients in H*(X), so multiplication by

Ay defines an infinitesimal symplectomorphism of H.

Codimension-1 terms

These are
dzg—1 n \
h9 TdY (L;
— g Q ' <t, S ( E o [ch(E)A] > C(Eg7n7d)> Ds
g n! Pt Vi +/k g.n,d

(1.23)

_ oy e <<[ch(E)Tdv (L)]+>kt(¢),t, . .,t;c(Eg7n7d)> D,

— 1)
g,n,d (n 1)' ¢ 97n7d

Codimension-0 terms

These are

thg—l Y
Z n <t, ) t? (W*(Ch(E) Td (Ln—l—l)))kc(Eg,n,d)>g,n,st
g,n,d ’

thg—l * *. V *
= Z ] (m*t, ..., 7", (ch(E) Td" (L)) kt1; 7°c(Eg n,d)) gn+1,dDs
gn,d ’

Applying Lemma 1.6.2 and the comparison result (see e.g. [67, 54]) for universal cotangent

lines

() = () — o [“W] )

Vi
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we can write this as

Z thg_l t(¢) — 014 M yoo ey (ch(E)TdY (L)) gy1; c(Egn+1,) Ds
n! Y+

gn+1,d

g;n,d

thg—l Y
:Z oy (t,...,t, (ch(F) Td" (L))k+1; c(Egnt1,d)) gnt1,dDPs

g,n,d
Qe t() |
_ En:d m<(§hk+l(E) [7] o t,...,t; c(Eg7n7d)>g7n7st
N (1.24)
drg—1
gzn:d ?1 f 1! co oty (h(E) TV (L))ky15 €(Eynd)) g.n.daDs
— 21_h<t’ t, (ch(E) TdY (L))rs1; ¢(Eo.3.0))05.0 — ((ch(E) TdY (L))er1; e(Fr1.0))110
dhg—l ¢
_ g;d %<Chk+l(E) [%] o t,...,t; c(Eg7n7d)>g7n7st

We next calculate the exceptional terms in (1.24), which arose in the reindexing since the
moduli spaces X 20 and X1 0,0 are empty and so Xg 30 and X 19 cannot be interpreted as

universal families.

- 21_h<t’ t, (ch(E) Td" (L))k+1; ¢(Eo,:3,0))03,0 = 21h to Ato A chyi1 (E) A c(E)
= (M- aE)  (125)

where we used the facts that [Xo30] = [X] and Ep30= E. Also (see e.g. [24])

- XLLO =X x M171

- X110 =e(TX @ LT N [X x My 4]

-Blig=E®(1-LY

- L1 — X1, coincides with the pullback of the universal cotangent line over M 1,1

and
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SO

—{(ch(E) Td" (L))k11; ¢(E1,1,0))1,1,0

-/ (cth(E) - Ch’fQ(E%) c(B)e(~E e L) e(TX © L)
XXMy

But
c(~E® L) = c(—E) (1 9> s chj(E)>
J

and

e(TX®Ly") =e(TX) — tprecp_1(TX)

—{(ch(E) TdY (L)) k415 €(E1,1,0))1,1,0

-/ - (cth(E) -l )¢1> (1+ «Qj:sjﬂ chy(E))

x (e(TX) —¢r1ep-1(TX)) (1.26)
1

= E . Chk(E)e(TX) - i /X Chk+1(E) (%: Sj4+1 chJ(E)>e(TX)

1
+ — [ chpp1(E)ep1(TX)
2 /s

Derivative contribution

Because of the twisted dilaton shift,

ot(z) 1
M) L enemiete) -2

and so the second summand in (1.21) contributes

thg—l )
-3 G AENE) ~ 0t (gD
g,n,d

Putting everything together

Since

[(Ch(E)Td;(L)>k]+t(¢)+Chk+1(E)[t(¢i)]+ _ [(Ch(E)TdV (L)>kt(¢)]+
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we can write the sum of the codimension-0 and codimension-1 contributions as

thg—l Y
Z (’I’L _ 1)[ <t’ Tt t’ (Ch(E) Td (L))k—l—l? C(Eg,n,d)>g,n,dps
g,n,d :

B Z i?jfgll <[< h(E)Td;(L)>kt(¢)]+,t7 ot c(Eg,n,d>>gﬁn7st

- ( exceptional terms (1.25) and (1.26) )Ds

But

() T (D) = | () ZEE) ]

so we can write the sum of the codimension-0, codimension-1 and derivative contributions

—ZQdfgl n(m) T B L EN )] beB)) D,
(n—1)! P k 2 + g:n,d

+ ( exceptional terms (1.25) and (1.26) )Ds

as

or in other words as
—04, Ds + ( exceptional terms (1.25) and (1.26) )Ds

Combining this with (1.22), we find that

a@i <2th ((Akq)(—2),q(z)) — 04, Ds + g (8 ®a, 8)>DS

1

- /X en1(X) A chepn (B) + 5 /X o(X) A chy (E)

- i e(X) A chp1(E) A (2; Si41 chy(E >

Dy

But Example 1.3.3.1 shows that

€
2h

- (45, 442

Bop, m—
= ¥ (22)'chT(E)z2 !
2m—+r==k my:

r,m>0

This establishes (1.20). The Theorem follows. O

Qs((Ara)(=2),q(z)) — 04, Ds + o (6®Ak 9) = Ay

and
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Corollary 1.6.5. The Lagrangian submanifolds Ls are related by
B _
Lomen( X Y sanora g di(B)2") Ly
m>0 0<I<D

In particular, each Lg satisfies the conclusions of Theorem 1.5.5.

1.7 The quantum Lefschetz hyperplane principle

We specialize now to the case where c(-) = e(-), the S'-equivariant Euler class. The

corresponding values of s; satisfy
2k
ver=en(Sagy)
k>0

SO
In\ k=20

sk =194 (=) 1tk —-1)
Ak
Corollary 1.7.1. Let p; be the (non-equivariant) Chern roots of E. Then

TTeww( 55 [ (Ot mxp0) = Ot pahen-1(Tx) ) T Gsder Vit )4, =

k>0

. 24 :
oo (S st (i) )T ((F22052=20) o

Proof. The first exponent on the right-hand side of (1.19) becomes

(=)' (2m +1—2)! By, P_i 2m—1
222 AL (o) L

i m>0 (>0

Using the binomial theorem

(14 2)-2m = Z () em+1- 2)!331

—_ NN
= (2m —2)!1!

we can write this as

S S (5) G

i m>0

5As a consequence, we see that we need to further extend our ground ring A by In .
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which is

I I e I

i m>0

The second exponent on the right-hand side of (1.19) is

%Z«Sl—ldll(E) —Z<pzln/\+z /\ll:2 —>

>0 >2
k—l—l k+1

k>1
1 Pi
:—Z/ In(\ + 2) da
z 3 0

_ % S+ ) (A +2) - -+ )

This converges in the 1/A-adic topology. We may discard the constant terms (AIln\ — \)/z
as we know from Example 1.3.3.2 that the string operator 1//\2 annihilates Dx. The Corollary
follows. O

Corollary 1.7.2. The Lagrangian cone Le C H is obtained from Lx by multiplication (in
H) by the product over Chern roots p; of

vo(2) = eXp((Aer)ln(Aer) - (A+p) +m§>:0 - Bom ( 2 >2m—1>

z 2m—-1)\X+p

Now

Bom 1
¢ 2m(2m—1) x Zm=1

Inl(z) ~ (z—3)Inz—z+ - 1n27r—|—z as r — oo, |argz| <

(see e.g. [1]) and so 7v,(z) coincides, up to some differences in the principal term, with the
asymptotic expansion of the gamma function I'((A+ p)/z). More precisely, it coincides with

the stationary phase asymptotics of the integral

—:E—l—()\—l—p) Inz

dx
V2mz( /\—I-p /

near the critical point x = A 4 p of the phase function.
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Let us assume now that E is the direct sum of line bundles, so that the Chern roots p; of

E lie in H%(X;Z). Consider the J-function

=3 Jult, Q"
d

and introduce the following hypergeometric modification of Jx:

1% (O + pi + k2)
5(t, Ja(t, 2)Q% =—00
Z Z d ’ Q H k——oo /\+pl+kz)

i
Due to our choice of topology on A, this gives a well-defined element of H for each t € H*(X).
Theorem 1.7.3. The family
t— Ip(t,—2) te H*(X,A)
of vectors in (He i, Qe i) lies on the Lagrangian submanifold Ega}% defined by the differential

of the twisted genus-0 descendent potential.

Proof. This is equivalent to the assertion that the family
ts Ve(E) Ig(t,—2)  te H*X,A)
lies on Le C (H,2). Thus we need to show that
mIEt —z) (H%z > X vVt € H*(X;A)
or in other words that

(H%Z 2)) Ve(E) In(t, —2) € £x

But

(H%Z )) VelE) In(t, 2)

is equal to (the asymptotic expansion of)

—zi+(Api)Inz; (pi,d) (A + pi + k2)
Ve Ja(t, 2)Q% z dap; —k==00 pi
Z d Q H \/27TZ A‘i‘pz Hk__oo(A‘i'pz‘i'kZ)
—x; +(>\+Pz (pi,d)) Inz;
= Z Ja(t, z QdH \/R dx; (integrating by parts)

1 oo —xi+(Atpi)Inz; Y
— dz;e z z QA I4(t, 2)
Ed:l:[ V21z /0
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Using the string equation (see Example 1.3.3.2) and the divisor equation (see Example
1.3.3.3) we find that

(Atpi)Inz; 4
He z Z$§Pi7 >/ZQde(t, 2) = Jx (t—I—Z(/\—l—pi) ln:ni,z>
i d i

and so

N ey A e (O

We need to show that this belongs to the cone determined by the family
t— Jx(t,z) te H*(X,A)
In fact, we will show

Claim. For eacht € H*(X) there exists t* € H*(X) such that the element
(IT702)) VelB) (e,

differs from
/\(dimE)/2JX(t*’ Z)

by a linear combination of first derivatives of Jx at t* with coefficients in zA[z] which

converge in the sense of Section 1.5.2.

This will follow from the fact that Jx is the generator for the quantum D-module [28] of

X. In other words, Jx satisfies the system of partial differential equations

0 0 0
Z@?WJX@’ 2)=A,5(t )ﬁJX(t z) (1.27)

where A 57 are the structure constants of the quantum cohomology algebra
o ® ¢6 = Aagnﬁ“/

We know that

(H%Z >\/—IEtz (

dmi> em 2 i/E g (t + Z(/\ + p;i) Inx;, z>

(

dmi e~/ #Hn mi(’\aﬁapi)) JIx(t, z)
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where 0, denotes the derivative in the direction of v € H*(X). Since 20, Jx = Jx, this is
—mi—l—lnmi()\—l—zapi)

H<\/217T—Z /OOO dzie : >Jx(t, z) (1.28)

We can evaluate (1.28) using the relations (1.27) in the D-module generated by Jx(t, z).

These relations imply that
(20p,) - - - (20y,) Ix (t, 2) = (20py0..00,) Jx(t, 2) + 0(2) (1.29)

where o(z) denotes a linear combination of 20y, Jx (¢, 2) with coefficients in zA[z]], con-
vergent in the above-mentioned sense. We take the asymptotic expansion of the oscillating

integral appearing in (1.28) and apply the relations (1.29):

/ d e~ t=0,)/2 1 (4 )

27Tz

(A+20,) In(A+20,)—(A+20,) Bom

NV e n (e - T2m>0 2m(2m—1)<)\+zzap)2m1>JX(t’ 2)

(A+20,) In(A+20,)—(A+20,)
= VA+20, (e z ><JX(t,z)+@>

z

But

VA+20, = VA (1 + %(z@,}) 8}\2(738 )2 + >

SO

—z+In 2 (A+20,) o Z)
2 / dre z Jx (t z) \/X( Ol(A+pe) In(A+pe)—(A+pe)]1 )(JX(t z) + _>
TZ

Applying this to (1.28), we find that
—mi—l—lnmi()\—l—zapi)

M o5 e

AmE)/2 7oy (g, 2)20p, Jx (t*, 2)

is equal to

where

=1+ Z[(A + pio) In(\ + pie) — (A + pie)]1

and the coefficients C®(t*, z) are appropriately convergent elements of A[z]]. This proves

the Claim. Since the cone Lx is ruled by z7¢Lx, the Theorem follows. O
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Let L; denote the tangent space to Ega}% at the point Ig(t, —z). Since
Ip(t,z) = Jx(t,z) mod Q
the argument of section 1.5.1 shows that the family
t— Ig(t,—2) te H*(X,A)

is transverse to the ruling of Ega}% by zL;. Thus zL; meets the slice —z + zH_ at a unique

point.
Corollary 1.7.4. The intersection of zL; with —z + zH_ coincides with the value
Jep(T(t),—2) € —z+ 7(t) + H—

where Jo g is the (e, E)-twisted J-function (see section 1.6.1). In other words

Je,5(1,2) = Ip(t, z) + C(t, 2) 20p, Iu(t, 2) (1.30)
where the C*(t, z) are appropriately convergent elements of A[[z]] and 7(t) is determined by
the asymptotics z + T + O(z~Y) of the right-hand side of (1.30).
Remarks:

(i) This procedure for computing Je g from Iy is reminiscent of Birkhoff factorization in
the theory of loop groups. Indeed, the procedure applied to the first derivatives of Ig rather

than Ip actually is an example of Birkhoff factorization.

(ii) The Corollary gives a geometrical description of the “mirror map” ¢ — 7: the J-
function obtained as the intersection L; N (—z + zH_) comes naturally parameterized by ¢
which may have little common with the projections 7 — z of the intersection points along

H_.

1.7.1 Mirror theorems

Let us assume now that E is a direct sum of convex line bundles (a line bundle F' over
X is convex if HY(C, f*F) = 0 for all genus-0 stable maps f : C — X). Let j : Y — X

be the inclusion into X of a complete intersection Y cut out by a generic global section of
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E. We will deduce the relationship between Gromov—Witten invariants of X and of Y by
taking the non-equivariant limit A — 0 in Corollary 1.7.4. Although the proof of Theorem
1.7.3 fails when A\ = 0, the statement of Corollary 1.7.4 survives: both Ir and Je g have
non-equivariant limits, and the relationship between them is that described by Corollary

1.7.4.

We can write

d !
e(F,
Jep(t,z) =z+t+ g Q—(evm_l)* [ev’{t/\ o AevitA M

nod n! 2 — Pyl

where (evy,11). denotes the cohomological pushforward along ev, 1 : Xgni14 — X and
E(/Ln 41,4 1s the kernel of the evaluation map

Eoni1.a=H(C,f*E)— E

at the (n + 1)st marked point. In the non-equivariant limit, Je g(t, 2) degenerates to

Qd * * e(E(/] n+1 d)
JX7Y(t,Z) :Z+t+ZF(evn+1)* evlt/\.../\evnt/\ﬁ
nd Tt

where e denotes now the non-equivariant Euler class. The function Jx y encodes Gromov—

Witten invariants of Y via
e(E)Jxy(u, 2) =m,(v)—Hy(x) JxJy (5 u, 2) (1.31)

since [Yp n+t1,d] = €(Eont1,d) N [Xon+1,d] (see [36]). The long subscript here indicates that
corresponding homomorphism between Novikov rings should be applied to the right-hand

side of the equation.

The non-equivariant limit of Ig(¢, z) is

Pis

(
Ixy(t,2) =) Jat, 2)QT [

)
(pi + k=)
d i k=1

where, as before, {p;} are the Chern roots of E.

Corollary 1.7.5. The series Ixy(t,—z) and Jx y (1, —z) determine the same cone. In par-
ticular, Jx y (1, —2) is determined from Ix y (t, —z) by the “Birkhoff factorization” procedure

followed by the mirror map t — 7 as described in Corollary 1.7.4.
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Now, restricting Ix y and Jy,y to the small parameter space H<?(X; A) and assuming that
c1(E) < e1(TX) we can derive the quantum Lefschetz theorems of [35, 4, 43, 21, 9].

Proposition 1.7.6. If c1(E) < ¢1(X) then, fort € HS?(X; A)
Ixy(t,2) =2F(t) + Y G'(t)¢s + O(z"")

for some scalar-valued functions F(t) and G*(t) with F(t) invertible. The {¢;} here are a
basis for H<%(X).

Proof. Since Ix y(t, z) = Jx(t, z) mod Q,

(pis
Ixy(t) =z+t+ Z Q4 Ja(t, 2) H

d)
(pi + k2) +O(z71)
d>0 i k=1

We need to work out the highest power of z occurring in Jy(t, z). But, for d > 0,

n
1l /—— ¢a¢k
Ja(t, 2) :;H<t,...,t, ) dqsa (1.32)
n7 9 9

and the highest power of z occurs here with the lowest power of . In other words, we should
take the degree of ¢ equal to 2 and the degree of ¢, equal to D = dim X. The maximum
power of z occurring is —(k + 1) where
n+ D + k = dim¢ XO,n—l—l,d
=n+D -2+ {(c1(TX),d)

Thus the highest power of z occurring in

(
Ju(t, z) H

i k=1

p“d>
(pi + k=)
is
1+ (c1(E),d) — (a1(TX),d)
which is at most 1. For this to equal 1, we need ¢,, in (1.32) to be a volume form, in which

case ¢® has degree zero. Similarly, for 2 to occur we need deg ¢, > 2D — 2, in which case

¢“ has degree at most 2. Thus

I)Qy(?f, Z) = ZF(t) + Z Gl(t)Qsz + O(Z_l)
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where F(t) and G'(t) are scalar-valued functions such that

F(t) = 1modQ
G'(t) = ' mod Q

O

We see from the proof that if ¢;(F) — ¢1(TX) is sufficiently negative then F(¢t) = 1 and
Gi(t) =t

Corollary 1.7.7. When c¢1(E) < ¢1(TX), the restriction of Jx y(,z) to the small param-
eter space T € H*(X; A) is given by

JX,Y(Tv Z) =
where

G'()
T= 2@: W@'

The J-function of X = CP™ ! restricted to the small parameter space to + tP, where P is
the hyperplane class generating the algebra H*(X; A) = A[P]/(P™), takes the form

P Qdedt
Jx = zeltotPO/2 3" _
d>0 Hk:l(P + kz)

For a hypersurface Y of degree [ in CP"~! we then have

1d
Ixy = selto+Pt)/z Z Qe 5:1(ZP + kzi
d>0 szl(P + kz)

Corollary 1.7.8. On the small parameter space

(i) forl<n—1,

JX,Y(t(]a t, Z) = IX,Y(t(]v t, Z)

(ii) forl=mn—1,

JIxy(10,t,2) = Ixy(to, t, 2)

where 19 = tg + 1! Qet.
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(iii) forl=mn,
JX,Y(t(]v T, Z) = IX,Y(t(]a tv Z)/F(t)

where T = G(t)/F(t) and the series F' and G are found from the expansion Ixy =
exp(to/2)(zF + GP + O(z71)).

Taking n = [ = 5 and applying the relation (1.31) we recover the quintic mirror formula of

Candelas et al. [11].

1.8 Quantum Serre duality

Consider again the general situation where £ — X is a holomorphic vector bundle with

Chern roots p; and
o) = exp(D_ s chy(-))
k

is a multiplicative characteristic class. Put

¢ () = exp( Y (=)"* sy el )

k

so that in particular
1

<= m

Despite the fact that there is no obvious relationship between c*((E*)gn,a) and c¢(Egn.q),

the twisted descendent potentials D¢ g and De+ g+ are closely related.
Corollary 1.8.1. We have
Der g = (sdet(c(E)))™/*'De

More explicitly,
D = (£7) = (sdet(c(E)) "2 De ()
where t*(z) = c(E)t(2) + (1 — c(F))=.

Proof. Replacing ch;(E) with (—1)! chy(E), and s with (—1)¥*1s; in Theorem 1.6.4 pre-

serves all terms except the super-determinant. O



1.8. QUANTUM SERRE DUALITY 81

Corollary 1.8.2. Consider the dual bundle E* equipped with the dual S'-action, and the

Sl-equivariant inverse Euler class e™'. Put
t*(2) = z + (-1) T F2e(E)(t(2) — 2)
and introduce the change + : Q% — Qd(—1)<cl(E)’d> in the Novikov ring. With this notation

Dot - (£, Q) = sdet((—1)4m E)/ 2e(E)) 31 Dg p(t, Q)

Proof. We have

Since
! () + 30 2
_/\_|_ — _ _ + —
( x) exp( n 2}; k‘/\k>
we find that
e ()= exp(Z s, chk(')>
where
—In(=\) k=0
sp=19 (k—1)
e= . b s
A
For k > 0 we have s = (—1)k*ls; as in Corollary 1.8.1. However, sj = —sg — mv/—1.

Examining Theorem 1.6.4, we see that sy occurs on the right-hand side of (1.19) only in
the form exp (spp/z)" where p = chi(F). Example 1.3.3.3 therefore implies that the action
of the sg-flow can be absorbed by the change

Q" — Q" exp(so(p, d)) (1.33)

together with multiplication of Dx by the factor exp(so(dim E)/48) coming from the su-
perdeterminant. In our case, where we need to move along the sg-flow for time —mw+v/—1,

(1.33) becomes the change Q¢ — +Q. O



82

Chapter 2

Quantum extraordinary

cohomology

2.1 Introduction

Given the spectacular progress in enumerative geometry associated with the study of quan-
tum cohomology, it is natural to ask whether one can obtain more detailed enumerative
information by studying the extraordinary cohomology of moduli spaces of stable maps.
The goal of this chapter is to define quantum extraordinary cohomology — a collection
of invariants of a Kéhler manifold X which encodes information about the extraordinary
cohomology of the spaces X, , 4 — and to understand the relationship between this and the
usual quantum cohomology of X. The main result of this chapter, Theorem 2.4.1, expresses
the extraordinary descendent potential for complex cobordism (and hence that for any other

complex-oriented cohomology theory) in terms of the cohomological descendent potential.

As we have seen in chapter 0, this determines all tangent-twisted Gromov—Witten invari-
ants of X — Gromov—Witten invariants of X twisted by characteristic classes of the virtual
tangent bundles ’T;’Z 4 — in terms of untwisted Gromov-Witten invariants. The relation-
ship is formulated in terms of an extension of the quantization formalism. In particular,
it implies that each genus-0 extraordinary descendent potential of X can be encoded by a

semi-infinite ruled cone in the corresponding extraordinary cohomology groups of X with
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coefficients in certain Laurent series in 1/z. As in chapter 1, our main technical tool will be
the Grothendieck—Riemann—Roch theorem, which we apply to various calculations on the

universal family over the moduli space of stable maps.

The material of this chapter represents joint work with Givental. The chapter is organized
as follows. In section 2.2 we recall various facts about complex-oriented cohomology theories
and fix the notation involved. In section 2.3 we define quantum extraordinary cohomology
and extend the quantization formalism to this setting. In section 2.4, we formulate the main
result of this chapter, Theorem 2.4.1, and various corollaries of it. The proof of Theorem

2.4.1 is contained in section 2.5.

2.2 Complex-oriented cohomology theories

In this section we collect various standard results about complex-oriented cohomology the-
ories which we will need below. Good references for this material include [2] and Appendix
4 of [63]. A complex-oriented cohomology theory is a multiplicative cohomology theory E*
together with a choice of element v € E2(CP>) such that if j : CP* — CP® is the in-
clusion map then j*u is the standard generator for E 2(CPY). The element u is called the
orientation. We write Q} = E*(pt). For any space X, the map X — pt makes E*(X) into

a module over {173,.

Given a complex-oriented cohomology theory (E,u) we can construct Chern classes in the

usual way; the first Chern class of the universal line bundle over CP* is u, and
EX(CP>) = Qf[u]

The operation of tensor product of complex line bundles equips E*(CP>°) with the structure
F(u,v) € Qp[u,v] of a formal group over Q%,. The inversion u — w«* in this formal group

is induced by inversion of complex line bundles.

Example 2.2.0.1 Take E*(X) = H*(X;C) and u to be the usual first Chern class of the

universal line bundle ¢ over CP*. Then F(u,v) =u + v, and u* = —u. o

Example 2.2.0.2 Take E*(X) = K*(X;Z)® C and let u = 1 — ¢! € EO(CP>). (The
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orientation can be regarded as lying in E2(CP>) via Bott periodicity.) Then F(u,v) =
2 _ .3

u+v—uv,and v = —u—u* —u’ —... o
We will always assume that the ground ring 2}, contains C, so there is a logarithm gg €

% [[u] such that

gp(u) =u+Y BT BeQp”
>0
and

9e(F(u,v)) = gp(u) + g5(v)

This logarithm is unique, and it determines the complex-oriented cohomology theory. We

write ug(z) € Q[2]] for the power series inverse to gg.
The Chern-Dold character [10]
chg : E*(-) — H*(-; Q%)

is the unique multiplicative natural transformation from E*(-) to H*(-;};) which is the
identity map on Q7F,. If 2 is the standard orientation of H*(-;€},) and ug is the orientation
of E*(+) then chg(ug) = ug(z). Given a proper l.c.i. map of quasi-projective schemes
f X — Y, Baum, Fulton and MacPherson have constructed [5] a push-forward fy :

E*(X)— E*(Y). Their construction is functorial, and satisfies

E*(X) ChE(')TdE(Tf) H*(X, Q%)
fel O L fe (RR)
B(y) 2D gryap)

where Ty € K°(X) is the L.c.i. virtual tangent bundle of f and Tdg(-) is the multiplicative
characteristic class (with values in H*(-; {23;)) which on a line bundle L with (cohomological)

first Chern class p takes the value

Tdg(L) =

uE(P)

In order to work with many complex-oriented cohomology theories at once, we consider
complex cobordism MU* equipped with the standard orientation u [2, page 38]. MU™*(pt)
is a polynomial algebra [55, 64] on generators py, pa, ... of degree —2,—4, ... where p; is
Poincaré-dual (see page 22) to [CP! — pt]. Since we consider only complex-oriented co-

homology theories with ground rings that contain C, we tensor with C throughout. This
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gives O3, = C[p1,p2,...]. Complex cobordism is universal among complex-oriented co-
homology theories: given a complex-oriented cohomology theory (E,ug) there is a unique
multiplicative natural transformation g : MU — FE such that 0g(u) = ug. For any space
X, MU*(X) defines a sheaf on Spec €},;,. The natural transformation gz : MU — E gives

a map

05 : Spec Q% — Spec Q%1
and the pullback of the sheaf MU*(X) by 8 is E*(X).

Since Q3 = C[p1,p2, - - |, the p; give co-ordinates on Spec €2},,,. Using Miscenko’s formula

for the logarithm in complex cobordism

n>0 n+l
we see that if we define s1, so,... by
(L nr) = ot
k>0
then 3, = C[sq, s2, .. .|. We take x to have degree 2 in the above formula, so deg s; = —2i.

The s; give another co-ordinate system on {27,;;, which we make extensive use of below; we

write s = (s, S92, . . .) throughout.

2.3 Quantum extraordinary cohomology

In view of the Riemann—Roch formula (RR), we define the genus-g extraordinary descendent

potential .7-"% of X to be

Qd :
f%(to,tl, L) = /\ Z chp( evy tr, AuE(¢Z) > A Tdg( gi,);:d) (2.1)
deHg(XZ [Xgnal =1 ;>0
n>0
Here tg,t1, ... € E*(X) are extraordinary cohomology classes on X and ’];UZ 4 is the virtual

tangent bundle to X, 4 (see pages 20-21). We regard F7, as a formal function of

t(u) =t + tiu + tou® + ... € E*(X)[u]
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which takes values in Q7,[[Q]]. The total extraordinary descendent potential

Dg = exp (Z hg_l}",%>
920
is a generating function for E-valued Gromov-Witten invariants of all genera. The argument
of Lemma 1.3.1 shows that this is well-defined as a formal function of t which takes values
in Q% [Q][R, A7Y]. The Q%-module E*(X)[u] defines a sheaf on SpecQ%, and Df is a
function on a formal neighbourhood of the zero section of this sheaf. The pullback of the
total cobordism potential Dy by the map 0 5 : Spec Q3 — Spec 3, coincides with D, so
we can think of Dy as a family of functions (depending on s1, sa, . .. € 23,;;) which encodes

the extraordinary descendent potentials for all complex-oriented cohomology theories.

2.3.1 Aside: quantum K-theory

Note that if we take the complex-oriented cohomology theory E to be complex K-theory
then our E-valued Gromov-Witten invariants do not coincide with the K-theoretic Gromov-
Witen invariants of Givental and Lee [29, 41, 42]. In essence, this is because we deal with
the K-theory of the moduli spaces X, 4 as topological spaces, whereas Givental and Lee

consider the orbifold K-theory of X, , 4. For example, to define the K-theoretic correlator
X(Xgn,d;evi a1 ® Llf ®...0evia, ® L) (2.2)
where o; € K°(X), they take the orbibundle push-forward of
evial @ LY ®@...®evla, ® Lir

from X, ,, 4 to a point. This can be computed using the Kawasaki-Riemann-Roch formula

[34]. We take (2.2) to be
/ ch(evia; @ L @ ... @ evy o, @ Lir) Td( gi,);:d) (2.3)
[Xg,n,d]

where ch is the usual Chern character and Td is the usual Todd class. This corresponds to
taking only the principal term in Kawasaki—Riemann—Roch. In this sense, our K-theoretic

correlators give an approximation to the quantum K-theory of [29, 41].
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2.3.2 The quantization formalism

The main result of this chapter, Theorem 2.4.1, determines the total cobordism potential
Dyu in terms of the usual (cohomological) total descendent potential Dx. The Theorem is
formulated in terms of an extension of Givental’s quantization formalism to the cobordism-

valued setting. In order to make this extension, we need:

(a) to find a symplectic space U over a ground ring which contains },, — we can
regard this as a family of symplectic spaces Us depending on s — and a polarization

U = Uy & U- which identifies U with T*U,. .

(b) to equip U with the structure of (some completion of) an algebra of Laurent polyno-

mials.

(c) toregard Dysp as function on U, or in other words as a family of elements of the Fock

spaces corresponding to Us.
(d) to identify the Fock spaces corresponding to different Us, so that Dy gives a family

Ds of functions in a single Fock space. We can then study how Dy varies with s.

Note that (a) and (b) are essential ingredients of the formalism — without (a) there is no
quantization and without (b) there is no loop group. In order to achieve both (a) and (b),
we will need to restrict attention to a formal neighbourhood of s = (0,0, ...) in Spec 3.

This corresponds to working in a formal neighbourhood of (usual) cohomology.

We work over the ground ring
Qi = ClQI ® Cllsy, 5o, - - ]
and regard F % (respectively Dg) as a formal function of
t=to+tiut...e MU*(X; Q%) [u]

which takes values in ﬁ’MU (respectively ﬁ’j\/[U[[h, R71]). We equip ﬁ’MU with the topology
coming from the norm

1Q1sl; .. skl = 27 Jawminin e mindn
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where w is the symplectic form on X. Consider the supervector space
U= {Zanun fay, € MU*(X;?T}MU),OM —0asn— oo}
nez

C MU*(X; Q) [l u™]

where the degree of u is 2, equipped with the even symplectic form

Qfr, f) = 74 (o), falu)) dg(u) (2.4)

2mi
Here (-, -) denotes the Poincaré pairing in cobordism and the integral denotes the residue!
at u = 0. Note that since u* is a power series in u of degree 2, f1(u*) € U whenever
fi(u) € U. The symplectic form Q) takes values in ﬁ?va and so we can regard it as a family

of symplectic structures depending on s.

Darboux co-ordinates and the polarization

Using the Chern—Dold character, we can write the symplectic form €2 in cohomological
terms. Let Tdg be the multiplicative characteristic class with values in H (-, ﬁ’MU) defined
by

Tdy (+) = exp (Y se chi(-))

k>0
It is the composition of Tdj;y with the inclusion 3, — ﬁ’MU Define an ﬁ’MU-valued
inner product on MU*(X; ﬁ’MU) by

(o, B)s = /X cha(a) A chy(B) A Tdy (TX)

where chg : MU*(+; ﬁ’MU) — H*(-, ﬁ’MU) is the map induced by the Chern-Dold character

chpsy. Then

Qf1, fo) = — 74 (fr(u(—2), folul2)))s d

2mi
This makes it easy to write down Darboux co-ordinates on (U, Q).

Pick a basis {¢, : @ = 1,..., N} for MU*(X;SNTZ‘V[U) over SNTMU and let g3 5 = (Pas P3)s-
Write gg P for the entries of the matrix inverse to that with entries 95 Define Laurent series
vg(u), k=0,1,2,... by
1
= 3 ) oo ()

(=2 —y) k>0

'Note that the differential dg occurring in (2.4) is the invariant differential on the formal group %,y [u].
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where we expand the left-hand side in the region where |z| < |y|.

Claim.
f = g2 (£)patl® + p) (F)glbeur(u)  feld (2.5)

gives a Darboux co-ordinate system on U.

Proof. Expressions of the form (2.5) certainly lie in &. We have

> (ul@) o (uly)) g8 bevr(u), gau')

ke, 1>0
=0 <g§E¢E Z(u(:ﬂ))kvk (w), ¢a Z ulvy (u(y))>

k>0 1>0
— 986 badg (3w Puntu(-2) (0l u(u(y))) s
k>0 >0

g
2w ) u(—x 4 2)u(—z —y)

dz

Here |z| < |z| < |y|, so the only pole inside the contour of integration is the simple pole of

1/u(—x + z) at z = z. Thus

35
> (@) v (uly))Q(gs bevi (u), pau') = —2—
>0 u(=z—y)
=52 S (@)™ vm(y)
m>0
and so
0 0
Q —5, 5= | = dasd for all o, 8, k, 1
Also,

Q(qﬁa Z v (u(z))u®, ¢s Z uo(u(y))) = gss= o j{ I+ 2) : ) dz

k>0 1>0

where |z| < |z| and |z| < |y|. This is zero, as there is no pole inside the contour of integration,

Q(%,%) =0 for all o, 8, k, [
dy aql

and so
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Similarly,
e k 8¢ ! 5P 1 1
0656 3 (ula)) on(w0. 200 Y 0 u)) = 25 § —— e
k>0 >0
where |x| < |z] and |y| < |z|. The contributions from the (simple) poles at z = z and z = —y
cancel, so
Q(%,%) =0 for all a, 8, k, [
Pk Op,
Since
(w(2))* = zF mods and vi(u(z)) = (=2) 7' 7F mods

any element f € U such that

0 0
Q —a,f> :Q<—a,f> =0 for aﬂ k,O[
<6pk dqp,

is in fact zero, so every element in U has the form (2.5). Thus {p?, qlﬁ } forms a Darboux

co-ordinate system on U. U

The polarization of (U, §2) by the Lagrangian subspaces

Uu, = {Zanun Dy, € MU*(X;?TMU),OM —0asn— oo}
n>0

U = {Zanvn(u) S MU*(X§§7\4U)}
n>0

gives a symplectic identification of (U, Q) with the cotangent bundle T*U,. We can regard
this as a formal family of polarizations, depending on s, of the formal family of symplectic

spaces (Us, Qs). Thus we have achieved (a) and (b).

The dilaton shift

Recall that the cobordism-valued potentials Dy, and .7-"1(\]4[] are formal functions of
t(u) = to+ tiu+ ... € MU*(X; ) [ul]
We regard them as formal functions of

q(u) =q +qu+... €Uy
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via the dilaton shift
q(u) = t(u) +u* (2.6)

(¢f section 1.3.3). This achieves (c).

Identification of Fock spaces

It remains to deal with (d). We will first identify the symplectic spaces corresponding to
different values of s via the Chern—Dold character. This will not induce an identification of
the Fock spaces §octs: the representation of the Lie algebra of infinitesimal symplectomor-
phisms on Fockg is built from a representation of the Heisenberg algebra which is determined
by the polarization corresponding to s. Since the Chern—Dold character identifies the sym-
plectic spaces corresponding to different s but not the polarizations, there is more work to
do. We discuss this further below, after introducing the cohomological version (H, Q) of

the symplectic space which is the target of the Chern—Dold character.

Define an ﬁ’MU-valued inner product on H*(X; ﬁ’MU) by

(a,mo:/xmﬁ

and set
H= {Zanz" tay, € H*(X;?]’MU),% —0asn— oo}
ne’l
C HX(X; Qiy)llz, 271
Define

Q(f1, fo) = f(ﬁ(—z),fz(z))odz

where, as before, the contour of integration winds once anticlockwise about the origin. The

2mi

polarization H = H, @ H_ by Lagrangian subspaces

H, = {Zanz" Dan € H*(X;?]’MU),% —0asn— oo}
n>0

H_ = {Zanz" Dap € H*(X;?]’MU)}
n<0
gives a symplectic identification of (H, Q) with T*H,. We pick an ﬁ’MU-basis {o : @ =
1,...,N} for H*(X; ﬁ’MU) and use Darboux co-ordinates (1.1) on H, constructed exactly
as in Example 1.3.1.1.
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Let the Fock space Foct consist of formal functions of
to(2) = to + tiz + ... € MU*(X; Q30)[[2]

which take values in ﬁ’j\/[U[[h, h~1]). As before, we regard this as a space of formal functions
of
Qz)=q+qz+...€ Hy

(near the point qo(z) = —z) via the dilaton shift

qo(z) = to(2) — 2 (2.7)
Quantizations of quadratic Darboux monomials act on Foct as described in section 1.3.3.

The quantum Chern—Dold character qch : Y — H, defined by

qch(Z oznu"> = VTdg (TX) Z chg (o) (u(2))" (2.8)

nel neZ

is a symplectomorphism from U to H. It maps U; isomorphically to H,, and we regard
D as a function on H, via this isomorphism. This gives a formal family Dy, depending
on s, of formal functions on H,. Despite the fact that Dg is a formal function of qg near
the point
qo = VTds (TX)u(-2)
=—z mod s1, Sg, . . .

and so can be considered as a formal function of t and s taking values in ﬁ’j\/[U[[h, A1,
we should not regard it as an element of the Fock space Foct for the following reason.
Given a symplectic vector space V, a polarization V = V, @ V_ induces a representation
of the corresponding Heisenberg algebra Heis(V') on the space of formal functions on V.

Explicitly, if {p?, ¢*} is a Darboux co-ordinate system adapted to the polarization (so V. is

given by p! = p? = ... =0 and V_ is given by ¢' = ¢> = ... = 0) and we regard Heis(V)
as consisting of affine-linear functions on V under the Poisson bracket then the affine-linear
function
at Y Bid + Y vp
( J
acts as

1 i
f'_’af+ﬁ§i:ﬁiQf+\/ﬁ§j:7jajf
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where 0; is differentiation in the direction of ¢;. The projective representation of the Lie al-
gebra of infinitesimal symplectomorphisms that we use — our quantization procedure — is
constructed from such a representation of a Heisenberg algebra. By the Stone—von Neumann
theorem, this representation of the Heisenberg algebra is projectively unique. Symplectic
transformations act as automorphisms of the Heisenberg algebra, and the projective rep-
resentation of the Lie algebra of infinitesimal symplectomorphisms that this induces is our
quantization procedure. The quantum Chern—Dold character identifies the family of Heisen-
berg algebras corresponding to the family of symplectic spaces (Us, 2s) with the Heisenberg
algebra of (H, ). It does not, however, identify the family of polarizations of Us with
Hy ® H_. We should therefore regard Dg as living in the Fock space Focky corresponding
to the representation of the Heisenberg algebra of (H, 2y) given by the polarization

H =M+ @ span{vo(u(2)), vi(u(2)),.. .}

We need to identify Focks with Fock. To do this, it suffices to identify them as representations
of the Heisenberg algebra. We return to our model situation: a symplectic vector space V'
equipped with a polarization V = V, @ V_ with Darboux co-ordinates {p?, ¢’} adapted
to the polarization. Suppose that V = V @ V_ is another polarization, and {p%, g’} is a
Darboux co-ordinate system adapted to Vi & V_. We have

qb _ (]b+ ZAbapa
a

for some symmetric matrix A%. If Fock is the representation of Heis(V) corresponding to
the polarization V = Vi @ V_ and Fock is the representation corresponding to Vi & V_

then the affine-linear function ¢’ acts on Fock as

L,
fH—\/ﬁqf
and on Fock as

Ly ij
fHWQf—\/ﬁEj:A’ajf

Thus -
Fock — Fock
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is a map? of Heis(V)-modules. In other words,

(2 o A" 0mdn Y _\JFr 9y, 12 S A" O
B/ o A OmOn JFr ) f
(A2 AT Omn ()
and

mn 1 mn
g (/) S A0 ) \/ﬁqaem/z)zm,nfs Omn

DT A Om0n g f)

1 mn
Put another way, the quantization of the symplectic transformation e2 2 A PP which

maps V, & V_ to V, @ V_ intertwines the representations Fock and Fock.

To apply this to our situation, we need to find appropriate Darboux co-ordinate systems
adapted to the polarizations H = Hy & H_ and to H = H4 & span{vg(u(z)), v1(u(2)),. . .}.
For a Darboux co-ordinate system adapted to Hy & H_ we use (1.1). For co-ordinates

adapted to Hy @ span{vg(u(z)), v1(u(z)), ...}, take

f = qu Vo z" —I—Zps )g% dews(2) feH (2.10)

r>0 s>0

where the Laurent series ws(z) are defined by

= 2*w,(z (lz| < [21)

IE—Z
s>0

An argument parallel to that on pages 89 and 90 shows that {p, qE } is a Darboux co-
ordinate system on /. We have
pr(-) =Q(-, ¢az")
=p.(+)
and

g7 (+) = Qg™ pews(2), ')

_,ZE:l453(1r a jz:lgﬁs(lr a

r>0 r>0

*We assume here that the map (2.9) is well-defined. In the situation which we consider below it will be,
due to the presence of the auxiliary variables s.
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where

AP = g(g*Pe(=2)71T)

BY#T = q(¢a2")
Equation (2.10) shows that B%s®r = §29§75 | 5o

pr=py and gl =gl +> AP
r>0
as in our model situation. We therefore consider the formal family
h a,r;3,s
gs = exp 5 ZA 7o aa7raﬁ7s DS
r,8
of elements of the Fock space Fock. Proposition A.0.3 shows that Gg is well-defined as a

formal function of t and s which takes values in ﬁ’j\/[U[[h, A1)

Note that
> APy = Qg a2y, b —2) 7 a)

- oot ) <o)
u(—y —2) —x —z

5
g 1 1
— 9 d yl <

omi ) u(—y+z) -z —z (lzl, lyl < I21) (2.11)

N gaﬁ(—:vl— y u(—svl— y)>

==

2.4 Computing the extraordinary descendent potential

We are now in a position to state the main result of this chapter, which describes the

relationship between Gs and the cohomological descendent potential Dx.

Theorem 2.4.1. Let E =TX — 1. Then

eXP( Zsl 1/ chy ( )CD—1(TX)>(Sdet \/T(E))‘igsz

l>0

(X X sanorsr g2 () e (3 s (ta(B)/2)”) D

m>0 >0 >0

(2.12)
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Comparing with Theorem 1.6.4 we see that Gg coincides with the descendent potential of
X twisted by the class Tdg and the bundle E. This is perhaps surprising — the integrals
involved in (2.1) appear significantly more complicated than those for the twisted theory,
since they contain contributions not only from the bundle T'X but also from variations of
complex structure on the domain curve (see the discussion on pages 20 and 21). Remarkably,
this extra complication is entirely absorbed by the modified dilaton shift (2.6, 2.7) and the

change of polarization Dg ~~ Gs.

The graph of the differential of the genus-0 cobordism potential F3;; in (U, ) = T*U,
gives a family Lg of Lagrangian submanifolds of (Us, {2s). Since the genus-0 part of Dy is

the generating function of qch(Ls) with respect to the polarization
H =M & span{vo(u(2)), v1(u(z)), ...}

and since Gy differs from Dg by the quantization of the transformation which maps this
polarization to the standard one

H=H, dH_

the genus-0 part of Gg is the generating function of qch(Lg) with respect to the standard

polarization.

Corollary 2.4.2. qch(Ls) coincides with the Lagrangian cone for (E, Tds)-twisted Gromov—
Witten theory. In other words

Bom e
qch(£s>=exp<2 D st cu(E):? 1) Lx

m>0 0<I<D )

In particular, this implies

Corollary 2.4.3. The submanifolds Ls C (Us, Qs) satisfy the conclusions of Theorem 1.5.3:

they are ruled Lagrangian cones.

In the case X = pt, Lx is invariant under multiplication by

eXP(Z Z 32m—1+l% Chl(E)sz_1>

m>0 0<I<D

Corollary 2.4.4. When X = pt, qch(Ls) = Lx.
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2.5 The proof of Theorem 2.4.1

2.5.1 Outline of the proof

By Proposition A.0.2 and Proposition A.0.3, both sides of (2.12) are well-defined. Since

Go = Dy, it therefore suffices to prove the infinitesimal version

2o Y am@m )

!
Osk 2m+r=k+1 (2m)!
m>0

%/XCD*(X)/\Chk+1(E)+41—8/Xe(X)/\chk(E)

(2.13)

Gs
e(X) Achgs (B) A (D st chu(B))
l

“3 /.
(see page 65). If we can prove this for the case in which 7(Z) is a divisor with normal
crossings in X, 4 then the arguments of the latter part of Proposition 1.6.3 (see page 64)

will deal with the general case. Thus we assume that 7(Z2) is a divisor with normal crossings.

Lacking a more intelligent approach, we will compute the left-hand side of (2.13) and then
observe that it is equal to the right-hand side. As a first step, we calculate 9Dg/dsy. The

discussion of section 2.3 shows that Dg depends on tg as

drg—1
Dulta) = exp( 3 Lo (B0, L) Tl (7))
g,n,d :
where
Ty(z) = ﬁ(to(z) ~ ) —ul—2)
) = T, @
Zk
= zexp(— ,;Sky>
and

Tds () = exp( sechu(-))

k>0
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Thus

1 0Ds _—~ QW' /OTL(¢) ‘
Pt —Zd(n_1)!< L L), T T (7 )>

S Osi g,n,d

)10y

(2.14)

drg—1 ) )
+3 EED), T (T Ty (T

Call the first sum in (2.14) the derivative term and the second sum the main term. We will
calculate the derivative term in section 2.5.2 and the main term in section 2.5.4. Along the
way, we will need an expression for the virtual tangent bundle 79" in terms of bundles
pulled back from the target space X (which we handle much as in Chapter 1) and universal
cotangent lines; we compute this in section 2.5.3. We collect the results of our computations
in section 2.5.5, obtaining the rather complicated-looking expression (2.49) for 0Dg/0sy.
We want to express 0Gs /sy, in terms of quantized infinitesimal symplectomorphisms acting
on Gs, and so in section 2.5.6 we rewrite (2.49) in terms of the action of the Heisenberg
algebra. The results of this (equation (2.50) below) still look rather complicated, largely
because (2.50) is written in the wrong co-ordinates: it is expressed in terms of the action
of pj and qlﬁ , whereas the Heisenberg algebra acts naturally on Dy via pf and qf . Once we
rewrite (2.50) in terms of this latter action, it becomes easy to see that 0Gs/0sy has the

desired form.

It is worth noting that all the geometric ingredients in the proof of Theorem 2.4.1 already
occur in the proof of Theorem 1.6.4 — Theorem 2.4.1 is also just a consequence of the
Grothendieck—Riemann—Roch theorem applied to the universal family of stable maps. The

only difference is that the computations in this case are somewhat more involved.

2.5.2 The derivative term

We have

0T, chy(TX) (=2) (=)
dse  2vTd, (TX) (b0 = 2) + —] eXp<_Zsk k! >

k>0
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and so the derivative term in (2.14) is

QI / chy(TX)
A (1) <2\/Tds (TX)

)10y

(60(t) — ), TulWh), . .., Tulth): Tl <TW>>

g;n,d
(2.15)

3 (O a1, ), BT ()

k! g:n,d

2.5.3 Calculating 7"

From the discussion on page 21 we know that
TV = 7, ev*(TX) — Aut(C) + Def(C)
= meev (TX) — H'(Q(=D)) + H'(Q/(-D))
where D = Dy +...+ D, is the divisor given by the marked points. Applying Serre duality,
T”":Tr*e (TX) Ty (Qv( ))
= e ev" (TX) + (m:(Q(D) ® wr))”
= T eV (TX) + (12(Qr @ Lin41))”
Using (1.13), we find

T =m, ev* (TX) + (me(wr ® Lpt1))Y — (m(i:(0z) ® Lpga))Y
= TTx ev*(TX) (Ln—ll—l) (W*(i*(OZ) ® Ln—l—l))v

by Serre duality again. Since L,y is trivial on Z, this implies that
T =, ev(TX) — w*(L;Hl_l) — (7, (02))Y

(An immediate consequence of this, which we will not need, is that the logarithmic virtual

tangent bundle of X ,, 4 with respect to the virtual divisor 7(Z) is m, ev*(T'X) — (L:H_l) )

Since
E=TX-1
if we set
T = —m (L}, — 1) — (mi,0z)"
then

TV = roev*(E) + T (2.16)
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2.5.4 The main term

This is

thg—l )
Z nl <Ts(¢)a ceey TS(¢); (Chk(ﬂ'* ev® E) + Chk(TCS)) Tds (TUW)>g,n,d (2'17)
g,n,d ’

We call the terms involving m, ev* E the target space terms, and those involving 7 the
complex structure terms. This is because, as we saw in section 2.5.3, the terms involving
T roughly speaking arise from deformations of the complex structure on the domain of

the stable map.

The complex structure terms

We have
chy(T%) = — Chk(ﬂ'*(L;Hl_l — 1)) + (—)** chy(m,i Oz)
= —mfch(L; !, — 14+(—)Fi,0z) - TdY ()t (2.18)
—_—— ———

log term nodal term

by Grothendieck—Riemann—Roch again, where [-], denotes the degree-2r component of a

cohomology class.

Using (1.18), we see that the log term in (2.18) is

—m (e —1)(TdY (Lps1) + ‘ codim-1 ‘—l—‘ codim-2 ‘)]k—l—l

where ‘codim—l‘ and ‘codim—Q‘ are as in Proposition 1.6.3. The terms are sup-
ported on the divisors D; = 04(X ,,.4) and the terms are supported on the singular

locus Z. But e™¥ — 1 vanishes on D; and on Z, since it is divisible by v, so the log term is

—TT, [(e—w — 1)e¢¢— 1] = —T7, [%] (2.19)
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We calculate the nodal term in (2.18) using Grothendieck—Riemann—Roch again. It is

(=), [ch(i,O2)(TdY (Lyiq) +\ codim-1 H—\ codim-2 ‘)]k—l—l

— (), [(i* Td" (—Li—L_)) (Tdv (Lns1) + codim-1 |+ (é _1>>] k1

TdY (i,0z)

1
E+1_ - v
=(— Td"(-Ly—L_ )| 1+—=——+———-1
- W*[ e )< T (%,02) >]k—1
(2.20)
where we used the facts that the conormal bundle to Z in X, 41,4 is Ly ® L_, that L,

is trivial when restricted to Z and that Z misses the divisors D;. Since
¥, 0Oz=(1-Ly)1—-L_)

the nodal term (2.20) is

, y TdY (Ly)TdY (L_) B C[e¥+tv-—1
(=)*lri, | Td (—L+—L_)< Td" (L, @L_) >]k_1 = (=) 7, [7¢++¢_ ]k—l

bt
k! T

= Tyl [

(2.21)

where the [-]; ensures that the formula is correct for k¥ = 0. Combining (2.18), (2.19) and
(2.21) we find that

AV S T k—1
Chk(TCS):ﬂ'*[—( i), Ml kf‘) L (2.22)

Thus the complex structure terms in (2.17) are

Q'n”! () (=g )t
R e e B RENCa)

g;n,d

A N (e N )

g.md gn+l,d
ot ol Vel '
0 DALy RPN WA (S RWE S
gind ' : + gn+1,d
(2.23)

The comparison result for universal cotangent lines (see e.g. [67, 54])

T =i — 0 Ox, 4
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implies that

T Ts(¥s) = Ts(¥i) — o [Tsfi) ] . (2.24)

Also,
,n_*Tvir — Tvz'r _ Q\/

ir ] (2.25)
=T7"" — n—l—l + Z UZ*OXQ n d)\/ + (Z*OZ)\/
i=1

where we used (1.13) and (1.14), and so

n

Tdg (x*TV") = Td (T°") Tds (—L;},) Tds (Z(ai*OXg’n’d)wTds((z’*Og)v)

i=1

Thus the complex structure terms (2.23) become

R R K e X I

g,n,d
Qno! < [Ts(w] . [(—m—w_)’f—l] , . >
+g7§n7:d o Ts(¢)_01* ¢ +7"'az* T +7Tds(7T T ) gl
(2.26)

Since 1 vanishes on the divisors D; and on the singular locus Z, the first sum in (2.26) is

Q'n”! (=)™
P (B0 ), S (T T L))

3 T 1), T (e (7))

—1)! k!
g (7 9o 97)

2h k!

+ <(_Qi:$ Tds (_L—l); Tds (Tvzr)>

k+1 ,
! <Ts, T, (Gl Tds (—L™1); Td, (T”")>
0,3,0

1,1,0

But 12 vanishes on both Xo,3,0 and X 1, so the exceptional terms in (2.27) vanish. The

first sum in (2.26) is therefore

-3 QOh_ 1< 0o 1), S0 T, (-1, ™) (229

’I’L — 1) k! g,n,d
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We compute the second sum in (2.26) by pulling back to the singular locus Z. The divisors

D; miss this locus and L, is trivial there, so the second sum in (2.26) becomes

Qh (—py —2p_ )1 rvir
2 /i*[aTS(WA”'A[ N LATdS ") Tds ((78.02))

(2.29)
where we use the notation of section 1.6.2. The integration takes place over the singular

locus Z in X ,41,4. Since the normal bundle to Z in X 41,4 is L_T_l @ L:l, we have

Tds (*7TV") Tds ((*i,0z)") = Tds (T4") Tds (L' + LZ1) Tds ((1 — L71)(1 — LZY))
= Tds (72") Tds (L7' ® L")
Much as we did when processing the codimension-2 contributions in the proof of the quan-

tum Riemann—Roch theorem (see page 66), we compute (2.29) by pulling back along
Z. H Z, Jred L1 virr =z

We know that

Zred = H Xg+,n++o,d+ XX X0,1+o+o,0 XX Xg,,n,—l—o,d,

9=9g++9-
n=n4-+n—
d=d+d—

and, in the notation of Lemma 1.6.1,

Tred T = piT)?Z:’MH’M + ptTXvZ’L rea. —VATX
Also,
ZNir?" = Ag—1nt+eto XXxX X0,1+o+o,0
and
Vi TE" = T eV TX

g—1ln+e+o,d

Thus we can write (2.29) as

p91t92 -1

1 Qd1+d2 8 ¢a¢i ( i )
- a7ga Tv"'aTvi/';Td TUW>
2 Z Z Z nl! nz! 7‘728 8 < s S Tds (TX) ° 917n1+17d1

g1,92 n1,n2 dy,da
bp? ; >
x ( ——2= T, ... TyTds (T""
< VTds (TX) )

g2,m2+1,d2

1 Q! 5 < P PaY2 : >
+ = arsg*°{ Ty, ..., Ts, , ; Tdg (79
2 g%:d n! Z o9 VTds (TX) VTds (TX) ™) g—1,n+2,d

(2.30)
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where

— 1 ~
Zammw—( e VT rg, (1706 L) € Bl o]

If we write

Ts(z) = Z(Ts)gQSazk

k
then the affine-linear function pj} acts on Foct as

Vh B
VTds (TX) 0(Ts)f;

and so (2.30) is
ORI

where
(= —p_ )t

DAy = g o Tds (L7 @ L7Y) (2.31)

T8

The complex structure terms (2.23) are therefore

e G, ), S, (5T (7

’I’L — 1 k' g,n,d

(2.32)

1
- 1751(2 > Ayl ) D

T8

Note that

a,r;B,s s aﬁ 0 Tds(LI_1®L:1)—1>
2 AT = ask< N

8

__9 [L]
Osp [u(—vy =) ]+
0 :
— Aa,r,ﬁ,s TS
0sg ; ¢+¢_

The target space terms

It remains to calculate the target space terms

thg—l )
> T TW), - To(@)s m(fev? (ch(B)) - TdY (Qu)lisr) Tds (T ))gma (2:33)
g,n,d ’
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from (2.17). By (1.18), we have

Td (Q) = | codim-0 ]+ | codim-1 |+ | codim-2]|

where, as before,

=Td" Ly

. S Td" (L)
= o[ T
i—1 i +

, . 1 TdY (Ly) TdV(L_)>]
‘“[«mw-( A

Thus (2.33) splits into codimension-0, codimension-1 and codimension-2 terms.

The codimension-1 terms in (2.33)

These are
3 e B for () Zf’ )],
gn,d = h
_ _g% ?ﬁg& < Hch(E) TdL(L) ] k] +Ts(¢), Ts(v), ..., Ts(1); Tdg (TUiT)>g,n,d

(2.34)

The codimension-2 terms in (2.33)

These are

dpg—1
Z 4 Z'g <Ts(¢),...,Ts(¢);ﬁ*[ev*(ch(E))"f+1 Tds (7)) g

g;n,d

drg—1
= 3 LI @), () e (eh(B) [codm2 15T (1T 1.

g,n,d n
which is

thg_l |:|: Ch(E) <Tdv (L—l-) Tdv (L—)>:| :| X Kk TULT
g;d w /Z*[Z]Ts(%)/\.../\ T v - +/\Tds(z T

(2.35)
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where the integration takes place over the singular locus Z C X ,,41,.4. Now
’L*TF*TUW Tvzr + L—l ® L—l
+ —

so, pulling back to Z Z ed 11 Zi as before, we find that the codimension-2 terms (2.35) can

be written as
Qd1+d2 p91tg2—1

4 of ¢a¢-r|- . VT >
Ly Yy e Zbr,s<Ts,...,TSa7hdS ST

91792 n1,n2 dy,ds r,s
oy . >
x ( ——B— T ... TsTds(T""
< Tds (TX) ° s Tds (T7)

g2,m2+1,d2

l thg—l af ¢a¢z_ ¢ﬁ¢i . vir
+2Z n! PL <T \/TdS(TX)’\/TdS(TXdeS(T )>g—1,n+2,d

gn,d s

(2.36)
where
S belyr g = ([m iw_ [Ch(E)% * Ch(E)%] k] (T e L:1)>aﬁ

The right-hand side here means that we take the element of End(H*(X))[[¢)+, 1 _]| given by
multiplication by
1 TdY (Ly) TdY (L) -1 -1
——|ch(F)———— + ch(E)———— Tds (L7 ® L)
[¢+ + Y- [ Yy [ k] + +
write it as a matrix-valued power series, with entries
1 Td (Ly) TdY (L) -1 1\
——|ch(E)—————= + ch(E)———= Tds (LT ® L”Y)
<[¢+ + - [ Yy Y- k4 * s

with respect to the basis {¢,}, and raise the index using the metric. It will turn out to be

convenient to write
aﬁ _ a,r;ﬁ,s a,r;ﬁ,s
bT’S = B, +

where
0B, s _ 1 TdY (Ly) TdY (L_)] ] >aﬁ
;Bk Yiyl = <[¢+ s [Ch(E)7¢+ +ch(E)7¢_ ol
DGR =

(2.37)
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Thus the codimension-2 terms in (2.33) are

( ZB‘”’B sp?pf>Ds+D; ( ZC‘”’ﬁ Sp%f) (2.38)

The codimension-0 terms in (2.33)

These are

thg—l )
> (L), To(@); mul[ev? (eh(E)) - T (Lin1)]k1) Tds (T°))gn.a
g,n,d )

thg—l )
=y (T(Ts(y)), .. .. 7(Ts(¥)), [ch(E) TdY (L)]j41; Tds (7 T*")) g nt1,d

Using (2.24) and the fact that L, is trivial on the divisors D; = 0;(X4n.4), we can write

this as

dyg—1
-y ([ B . e )

d
g7n7d g7n7

(2.39)

thg 1 )
+ Z n <Ts(¢)a ) TS(¢)7 [Ch(E) Tdv (L)]k—l—l? Tds (W*va»g,n—l—l,d
g,n,d ’

We concentrate on the second sum in (2.39). Applying (2.25) we find that
Tdg (7*TV7") = Td (T"") Tds (—L;},) Tds (Z(ai*oxg’mdw) Tds ((1,0z2)")  (2.40)
i=1
Grothendieck—Riemann—Roch calculations parallel to that on pages 62-63 yield
14, (Y (00.0x,,,0") = 1- o (i (é = 1>>
"\ g \Tds (L; 1)

i=1

and

U B Tds (L' @ L7Y
Tds ((ix02)") = 1 + ix [¢+¢_ (Tds (L;1+) Tds (L) 1>]
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SO

n

Tds (_Ly_HlJ) Tds (Z(Uz’*OXg’n,d)\/Q> Tds ((i*OZ)V)

=1
= (14 Tds (L, };) — 1) x (1 — ga”[i (ﬁm — 1>]>
([ (SRR ) e

v (e D)

Here we used the fact that Tdg (—L;Hl_l) — 1, which is divisible by %,,11, vanishes on the
divisors D; and on Z. Combining (2.40) and (2.41) we see that we can divide the second
sum in (2.39) into three parts, which correspond to the three summands in (2.41). We call
the part of (2.39) corresponding to the first summand in (2.41) the smooth contribution, the
part of (2.39) corresponding to the second summand in (2.41) the divisor contribution and
the part of (2.39) corresponding to the third summand in (2.41) the nodal contribution. We

evaluate these parts separately.

The divisor contribution to (2.39) is

drg—1
=Y EE B B ) T (Dl

n!
vir En . i ; -
T (T i—1 7 [%’ (Tds (L; ) 1>] >g7n+1vd
(2.42)

g;n,d

We evaluate this by pulling back along the maps o;. Since the normal bundle to the divisor

. . -1
D;in Xg,11418 L; ",

Tds (077"") = Tds (7°") Tds (L; ')
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and since 1; and 1,41 vanish on D;, (2.42) becomes

dig—1
afgl)! <Chk—:;(E) (Tds (1L—1) _1>TS(0)7TS(¢)7 o -aTs(¢)§

g,n,d )
Tds (79") Tds (L;1)>
g,n,d

Q™! <chk+1(E>

- o - . VT
-1\ Y (1=Tds (L)) T4(0), Tu(¥), ..., Ts(¥); Tds (T )>

g;n,d
(2.43)

The nodal contribution to (2.39) is

drg—1
5 I (B0 T, ) T (e

n!
i [ (el e L) Y]
Tda (T )Z*[mw_ (Tds(Lll)Tds(Lzl) )/ gnira

Since the normal bundle to Z in X414 is Lj_l @ L~!, and since Ly, is trivial on Z, this

Q'n! chpi(E) ( Tds (L' LZY)
2 /Z-*[Z]TSWA”'ATSW")A[ it (Tds(Lf)Tds(L:l) 1>]

g;n,d

g;n,d

is

A Tdg (T47) A Tds (L3 + L7

thg_l VT
- Z n! /i*[Z] LA - A Ts(bn) ATds (T57)

" s (B)
A [”L(Tds (L7'® L7Y) — Tds (L7Y) Tds (Lil))]
(RN
Processing this as before, we find that the nodal contribution to (2.39) is
(3 >0 Pepep?) Dy (2.44)
where

DDyt = (Ch«z;ﬂ(m (L' © L") = Td, (L3") Tds (Lil))>aﬁ (24
+—

T8

The smooth contribution to (2.39) is

dig—1 .
S LT W), ), [h(B) T (D) Ty (7)) Ty (<Lt g
g,n,d )
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Renumbering, this is

Q4hs~! B |
Z (’I’L _ 1)[ <[Ch(E) Td" (L)]k—l—l Tds (_L )7 Ts(¢)a SRR Ts(¢)? Tds (va»g,n,d

1 , (2.46)
— o7 {leh(B) TdY (L)]i41 Tds (—L71), To(9), To(); Tds (T))o,3.0

— ([ch(E) Td" (L)]j+1 Tds (=L 7); Tds (T*7))1,1,0

g;n,d

Using the facts that

- Xozo=X

- [Xo0,3,0] is the fundamental class of X

All universal cotangent lines over X 3 ¢ are trivial

STy =TX

X0,3,0

we can evaluate the first exceptional term in (2.46):

o eh(B) A" (L)Jss Tag (~L7), ), To(): Ty (T ) 30

1
= —% Chk+1(E) A (TS)O A (TS)O A TdS (TX)
X

1
= —— h E)ANgy A
on XC k—l—l( ) qo /N 4o

1

= —%(cth(E)QO, )

(2.47)

To evaluate the second exceptional term in (2.46) we need to compute Tdsg (7 Xvi: ,)- This is
exp (Z 51 chy( )?ZKLO )>
>0
which, using (2.16) and (2.22), is

I+

exp (Z si chz(E1,1,0)> exp (Z Sift [_ (—1?!) = _l!¢_)l_1 ] >

o
+
1>0 1>0
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Applying the discussion on page 68 yields

Tds (T, ) = exp (Z s chz—1(E)> exp(—s174 (1h2)? + 51740 1)
>0

=1+4¢1 Y sichi1(E) = sim(v2)? + s 1
1>0

Similarly
Tdg (—Ll_l) =14 5191

and so, applying the discussion on page 68 once again,

—([ch(£) TdY (L)]j41 Tds (=L71); Tds (T 1,10

[ () - D) 4 1) elTX) + rena (1)
XXM

X (1 +1 ) sichoi(E) — sim(v2)” + sm*i*l)

>0
1 S1
=— he(Fle(TX) — — h FEle(TX
5 [ e = 2 | dia(mery)
41 [ @ (1) = 57 [ e (B) (Y s cbia(B))e(rx)
2 |y 2 |y —
+s / chiss (B)e(TX) / 7 (2) — 51 / chiss (B)e(TX) / midl
X M1 X Mia
Now
/ 77*( %): o %
My M2
—5;  (string cquation)
= o string equation
and
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SO

—([ch(B) TdY (L)]g41 Tds (=L71); Tds (T*")1,1,0

5 [ BTN + 57 [ cha(Blep 1 (TX)
1 S
S Xchk+1(E)<§sl chi_1(B))e(TX) ~ /X chps1 (E)e(TX)

Combining this with (2.47), (2.46), (2.44), (2.43), (2.39), (2.38), (2.34), and (2.33) we see
that the target space terms in (2.17) are

g @ <[chk+l<E>Ts<¢>

(n—1)! v ]+,Ts(¢),...,Ts(¢);Tds (Tvir)>

g;n,d

thg_l v -1 vir
+Zm<[0h(E)Td (L)1 Tds (—L77), Ts(), - .., Ts(¥); Tds (T°7)) gna

1

- %(Chk—l—l(E)QOa )

+ g [ = o [ (chia ()3 sichia(E))e(r)

>0
+ i chpy1(E)ep1(TX) — 82—1 /X chyq1(E)e(TX) (2.48)
> (P E g g, (110 B0, TR TA (T
thg—l Tdv (L) . vir
- Zd (o™ ] | nw.nw, . nwsra @)

ZBMBSp?p@DerD; ( Z(Jmﬁsp?p@

2
(S oo,
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2.5.5 Collecting everything

Our expression (2.14) for D3 1(0Ds/dsy) is the sum of (2.15), (2.32) and (2.48). The second
term in (2.15) cancels with the first term in (2.32), so

1 0Ds Qn9! < chy,(TX)

s 0sg B _g,n,d (’I’L — 1)' 2\/Tds (TX) (t0(¢) - ¢), Ts(¢), .. .,TS(¢); Tds (Tvzr)>

g;n,d

-3 Q! <[Chk+1(E)Ts(¢)

(n—1)! v ]+,Ts(¢),...,Ts(¢);Tds (Tvir)>

g;n,d

thg_l v -1 vir
+ (e 1)!<[Ch(E) Td" (L)]k+1 Tds (=L7), Ts(¥), . .., Ts(¥); Tds (T"")) g,

g;n,d

p; (2 zcwﬁspspf)psw

v

dg—1
= é)jgl)!<chk+¢1(E)(1 — Tds (L) Ta(0), Ta(), . . ., Ta(1h); Tdg (Tm)>

d
g;n,d g,mn,

- g (Bl ) + g5 [ u(E)eTX) + 5 [ i (Blep 1 (T)

_i/X<chk+1(E)Zsz chz—1(E)>e(TX)—%/Xcth(E)e(Tx)

>0

The first four terms together insert

B chi(TX) (bo(1h) — 1) — |:Chk+1(E)Ts(¢)

2VTds (TX) ]Jr + [ch(B) TdY (L)]j41 Tds (=L 1)
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at the first marked point. This is

chi(TX) TdY (L)
o (TX)uow)—w—Hch(E) - ]kme
TdY (L)

v

- Hch(E) L¢ Tds (—L‘l)] N

chi(TX) TdVY (L)
o) =) — | [ (B} (1(w) + )]

X o T @] o)
=~ Vra.rx) W) -¥) Hh(E) v ]wTds@X)L

or in other words

where
Td" (L) chy(E)
2u0) = fany Ty
Thus
D1 028 (el (B )
Q1 qo(v) ) vir
) Zd m<[Ak<¢>m]+,Ts<¢>,...,Ts<¢>7Tds<7 >>W7d

|~ Tdy (L) T3(0), Ty (), .., Ty(w); Td, <TW>>

n,d (’I’L—l)' ¢ g,n,d
1 . /1
-D7'(3 ZAg’r’ﬁ’sp?p§>Ds+Ds Y52 Brepen?) Dy

7,8

Sl( an'f‘ﬁspgpg> ( ZDQT‘ﬁSpSpE>

_|_41_8 Chk TX ——/ (Chk+1 Zlehl 1 > )

X 1>0
1

51 /.

chia(Bep 1 (TX) / chis1 (E)e(TX)
X
(2.49)
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2.5.6 Hunting the quantized operators

Using the metric to lower the index on the matrix of multiplication by chyy1(F), we can
write the first term in (2.49) as
-1 1 a B
_Ds %(Chk—l—l (E))QBQO 90 Ds

since the affine-linear function ¢f acts on Foct as multiplication by

90

Vh
If we set

Ap() =" Apomorp™™ ! Apom-1 € H*(X; Q1)
m>0
and define p® ; to be zero for all € then the second term in (2.49) is
-Dgt (Z(Ak,zm—1)zqu§z+2m—1>ps
m,n

The third term in (2.49) is

where .
;1 —=Tds(L7)
EZ:CM = ”
=
-~ Lu(=y) ]+
SO
9Dy 1 a0 a B oa
5o =5 (e (D))asaa)Ds — (3 culchua (B))3agnf ) s

l

- Z(Ak,2m—1)zqsp;+2m—l>ps

m

1 ; = '

3 APt (5 0 BT nal) P
r,s

(2.50)
1 . 1 .
+ (32wl ) Do+ (5 2 D pen! ) s
TS T,8
1 1
L e (B)e(TX) + = / chys1 (E)ep_1 (TX)
48 [y 24 [y 5
S

_i/X<chk+1(E)Zsz ch1—1(E)>e(TX)—82—1/Xchk+1(E)e(Tx)

>0
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Making the substitution
Y

s

we find that

1 1 0 € e
3 (Chk+1(E))a5q(?qg =—3 (cth(E))aﬁngg + (chyy1(E))ag ZAa Delg ﬁ

1
—3 (chi41(E))ap Z A AP DSy

7,8

Equation (2.11) gives

Aa,O;e,l l:|: gae :|
2 A = ).

et
l
SO
Aa,O;e,l — gaecl
Thus
1 ap_ 1 B .
— 5 (b (B))apafay =— 5 (chisr (B))apalan + D (che (B)) gadop]
l
1
— 5 2 _(chipa () ereaplipl
Also,

=" alchppa (B)Sagpf = = > crlchper (B)ST0pf + Y er(chyyr (E))§AS 5 ppe

l l T8

== alchi (B)3aopf + Y (chyr (B)" eresplip!
l

T8

so the first two terms in (2.50) together give

(3 (har (BDas@ia)Ds + (5 3 (s (B ereaplpl)Ds (251)

r,s
The third term in (2.50) is

- (Z(Ak,zm—1)zq_3p§z+2m—1>ps + (Z (Ak2m-1) A DD 1>D (2.52)

m,n L,m,n
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Using the symmetry of A%™%! and the fact that multiplication by Ak 2m—1 is self-adjoint,
we can write the second term in (2.52) as

1

(5 Z (Ak,2m—1)EozAa7n;67l(plﬁp;L+2m—1 +plﬁ+2m—1p;)>ps

I,m,n

But

5 3 (Aam 1)Q AP [r ot o [l )

I,m,n

(P @ram )5 @2t g2 )) (30 Ayl gr)

m 1,n>0

N | —

5 (A )5 AP YTt 4 g L) (2.53)
1

_1 e ;
=3 (Ar(4) + Ag(y-)) [u(—¢+ _ ¢_)]+

(3 ] )

Comparing this with (2.37), we see that we can write it in terms of the C’Z’“ﬁ’s. The right-
hand side of equation (2.53) is

s Tds (LT @LTN 1 | (chy ()%

Yty N (Tds (L37) =14 Tds (LZ7) =1)

— 5 Bkl + A4(0)
l[;
2 Y+
11 (Chk+1(E)+Chk+1(E)
294+9y- Py (o

(chyy1(E))”
PAERIR

196}
(Ak<¢+>+Ak<¢_>>] C(ra, (1 e 1))

>65(Tds (L'®LZY)—1)

(Tds (L") +Tds (L) —2)

(chy1(E))

RS (Tds (L' ®LZ") = Tds (L1') —Tds (LZ1) +1)

1 .
= =3 Gt -
.8

(chy1(E))

R (Tds (L7'®L~")—Tds (L7") Tds (L71))

1 o
=g 2 Gt -
7,8

_@en BN 1) 1) (T (27 -1)

2949
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Using (2.45), we can write this as

_ l er;3,8 /1 s €,r;8,8 s % 1 :| |: 1 :|
P Z DR 5 e (B) L(—m) +lu(=v0) )
or in other words as

1 €. 7 1 €T 1 €
-3 Z Ck7r75,s¢i¢i -3 Z leﬂﬁqﬁ:—qbi -3 Z(Chk—l—l(E)) BCrCs¢i¢i
s s

T8

Thus the second term in (2.52) is

e S i) - prﬂsp;pg)ps—(%Z@hm( )ere,pip? ) Ds

T8

Comblmng this with (2.52),(2.51), and (2.50), we find that

aIZDS —Q € —Q, €
P} :_(% (Chk—l—l(E))aBQ(] qg)ps - (Z(Ak,2m—l)aqnpn+2m—l>ps
sk m,n
_ l arifs a8\ p arifs a8\ p
(3o win)oe+ (5 DB )Py
(2.54)
1 1
5 | cn(B)e(TX) + o / chy 1 (E)ep_1(TX)
X X
1 Sq Ds
~ 57 [ (B (B) Y stchia (B))e(rX) - 5 [ chusa (E)e(r)
X 1>0 X
But
h .
gs = eXp(E Z Aa’r’ﬁ’saaW@g’S)D
and
. 0 )
Aa,r,ﬁ,s _ _Aa,r,ﬁ,s
k 0sg
o0 (2.54) gives
agS 7,8 —O —,
Do :—eXp( ;A“’ Op,r &,S> % chy,1(F agqoqg)Ds
h ™V,8
_eXp<§ ;A“’ 20,.r 0y > Ak 2m—1) 0l Pritom— 1>D
—l—exp( ZA““’S@ - 8,,S> BT Spffpf)D
1 1
L[ eh(B)e(Tx) + / chyar (E)ep—y (TX)
48 Jy 24 Jy
B L hETXslhETng
51 [ (Prer(B) Y s chia(B))e(TX) 5 | cbin (B)e(TX)

>0
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We know from the discussion on pages 92-94 that, roughly speaking, commuting ¢& past

the exponential term turns it into ¢. In our situation there is also a cocycle contribution

which comes from commuting the qg‘qg terms past the exponential term.
9Gs 1 a B 1 LT3V, S b U 1 a B
D5y —(5 (chi11(E))ape5 90)9s — C<§ D AmTSplpY, 5 (er1(E))apag qo>gs
s
- (Z(Ak,zm_l)ZQSpZ+zm_1>gs + ( ZBMﬁ “ppl )G )
m,n
1 1
B/ chy(E)e(TX) + 21 Chk—l—l(E)CD—l(TX)
+ 1 s1 Us
L / (chk+1(E)Zsl chy_1(E) >e(TX) -2 / chyp1 (E)e(TX)
24 Jx 1>0 2 Jx
(2.55)
Since
A0B0 — g, g8
we have

1 . 1
(5 2 Ao pn! 5 (b (B))asdiap ) 9o = 5 strlchia (B))Gs

- (% /X cth(E)e(TX))gs

This cancels with the fourth exceptional term in (2.55). Rewriting (2.55) in the notation of
Example 1.3.3.1 gives

gf: N <2h90((AkQ)( 2),a(2)) = 98,95 +g(a Bas 6)>gs
&5 [ B+ 57 [ dba(Blep 1 (T)
g
_i / (chrsn(B) Y st chy1 (B) )e(TX)
X >0

But Example 1.3.3.1 shows that
1
2h

and we know that

Qs((Aga)(—2),a(z)) — 9a,Ds + 5 (0 @a, 0) = Ay

TdY (L) chy (E)
P ]k—i_ 2

= Y (B

|
2m+r=k (2m) ’
r,m>0

A(®) = [chuz)
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Thus we have established (2.13). The proof is complete. O
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Appendix A

Many things are well-defined

Proposition A.0.1.
€F1(T)S’;1Aq—

is well-defined as a formal function of t and T near t = 0, 7 = 0. (Theorem 1.5.1 in fact

implies that it does not depend on T.)

Proof. We work over the ground ring

A=C[e]

equipped with the Q-adic topology, and with the symplectic vector space

H= {Z hiz® by € H*(X; A), hy — 0 in the topology of A as k — oo}
keZ

S:-(z) certainly gives a well-defined linear transformation from H to itself. Corollary 1.4.2

shows that this is an element of the loop group, so the quantization S makes sense.

Define the (A, t, 7, Q)-degree of a monomial
thg—l(flqll )jl o (-E?j:)jm(Tﬁl)kl o (Tﬁn)kn

tobe (¢g—1,j1+...+jm, k1+...+kp,d). For the reasons discussed on page 38, this quantity

has invariant meaning. The moduli spaces Xg ¢ and X1 0 are empty, so if log A, contains
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a monomial of (1, t, 7, Q)-degree (a, b, c¢,0) then at least one of a, b, and c is strictly positive.

From Proposition 1.3.2 we have that

The substitution

q= [STq]—l-
sets
t = [STt]+ - [STz]-I- +z
For any v
([Sr2ly, v) = [2(S71,v)]+
= [z(l,v)—l—z<<—1 ,v>> (7‘)]
z—1 02 1+
Qd
= (z,v) + Z H(l, Uy Ty oy TVOm42,d
n,d
= (z,v) +(1,v,7)o30 (by the string equation)
=(z+T1,0v)
and so
[S2ly =2+7T
This gives

T =[Sty —7

and therefore A, ([S;ql]+) is well-defined as a formal function of t and 7 near t =0, 7 = 0.
From above, we see that if log. A ([S-q]+) — regarded as a formal function of t and 7 —
contains a monomial of (A, t, 7, Q)-degree (a, b, ¢, 0) then at least one of a, b, and ¢ is strictly

positive.
It is clear from Proposition 1.4.1 that
Ws, (@) =0  mod@,

Thus

(§:"4,)(q) = exp(v%q) +log AT<[qu1+>>
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is the exponential of a power series containing only monomials of (A, t, 7, Q)-degree (a, b, ¢, d)

such that either at least one of a, b and c is strictly positive or d # 0. This implies that

Fl(T ./4
is well-defined as a formal function of t and 7 near t =0, 7 = 0. O

Proposition A.0.2.

eXP(Z > som- 1+l (Chl( ER >eXp<Z«91 1(chy(E)/z) >

m>0 >0 >0

is well-defined as a formal function of t which takes values in A = C[Q][[so, s1, - - JJ[#, h~Y].

Proof. We work over the ground ring

A =C[Q][[s0, 51, - -]
equipped with the topology coming from the norm
1Q4s]) ... sfr | = 27 Jawmhin=eindn
where w is the symplectic form on X. The symplectic vector space H in this context is

= {Z hiz® : hy, € H*(X: A), hjy — 0 in the topology of A as k — oo}
keZ

It is clear that multiplication by

hy (
_eXp<ZSl 1C l >

>0

defines a linear transformation from H to itself, and that the same is true for multiplication

by

—eXP(Z > san 11 o () m)

m>0 1>0
Multiplication by a cohomology class gives a linear transformation of H*(X) which is self-
adjoint with respect to the Poincaré pairing, so multiplication by ch;(E)z2™~! gives an
infinitesimal symplectomorphism of H. S and R are therefore elements of the loop group,

and so the quantizations S and R make sense.
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We write
S=TU
where
Chl(E)
T= _
(3 i1 24
>1
hy (E
U= exp(soc i )>
z

(We will need to treat so differently from si, so, ... since ||sg|| = 1, whereas high powers of
S1, 82, . .. have small norm.) Example 1.3.3.3 shows that the effect of the divisor flow U on

Dy is to replace Q¢ by Q% exp(so(chi(E), p)) and then to multiply Dy by a function of sg
(¢f Corollary 1.8.2). Thus UDy is well-defined as a formal function of t taking values in
N

Recall that

T F)a) = e M5

)f([T—lq]+> (A1)

(see Proposition 1.3.2). Making the change-of-variables
a~ [T+

takes

t~ [T71)y + Zsl chy1(E)
1>1

Since UDy is well-defined as a formal function of ¢ taking values in A[[h, h~1], and since

the shift > ;- s chyy1(E) is “small”,

(UDx)([T"aly)

is well-defined as a formal function of t taking values in A[[i, h~']). It remains to deal with

the exp(Wr(q)/2h) term in (A.1). Since

T(—w)T*(—2) — I

=0 mod sq, 83 ..
zZ+w

we have

Wr(q) =0 mod s1, 52. ..
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Thus
($Dx)(q) = (TUDx)(q)

_ exp(WT(q>><ﬁDX><[T—1q1+>

2h

is well-defined as a formal function of t taking values in AA, A=

Recall further that

(R9)(a) = |exp( "B g (e

(see Proposition 1.3.3). Since

Z(_)kHVklwkzl _ R(w)R(z) -1

z w
k.l T

we see that

[Via|| < 2771

Thus if G is a formal function of t taking values in A[[h, 2] then
VRO,
Xp <7R2( a) > g

is well-defined as a formal function of t taking values in Ak, h~']]. The change-of-variables
q~ R7'q
takes
t~~Rt—R'2+2

But

~R'242=0 mod s1, S92, - - -

(so in particular it is small) and therefore

(B9)(a) = |exp( "B g (e

is well-defined as a formal function of t taking values in A[[h, i~Y]. Taking G = SDx, we

are done. N
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Proposition A.0.3. Gs is well-defined as a formal function of t which takes values in

Q% B,

Proof. Recall that we work over the ground ring

Qo = CQI @ Clisy, 52, .. ]
equipped with the topology coming from the norm
|Q7sTt .. sl = 27 Jawmhir=eaminn

where w is the symplectic form on X. Since
af
S A regrys — - [97]
> P —

eXP(Z sp(—a — y)k>

af k>0
xr+y +

=g
we see that
||Aa,r;6,s” < 2—7“—3—1

The discussion on page 91 shows that Dy is well-defined as a formal function of t which

takes values in ﬁ’]‘\/[U[[h, h~1]). Since ||A%7%5|| < 1, this implies that

h
— — a7r;ﬁ7s
Gs = exp(2 E A OOM@@S) Ds

T8

is also well-defined. U
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Appendix B

Almost-Kahler manifolds

Suppose now that X is a compact symplectic manifold equipped with an almost-complex
structure J which is tamed by the symplectic form. The foundations of Gromov—Witten
theory in this setting have been laid down by several groups of authors [18, 45, 59, 56].
In this Appendix we extend many of the results proved in earlier chapters to this almost-
Kaéhler situation; to do this we follow the approach of Siebert [59, 62]. The equivalence of
the various symplectic approaches is sketched in [62]. The fact that the algebro-geometric
and symplectic constructions agree in their common domain of applicability is proved in

46, 61].

B.1 An outline of Siebert’s construction

As in the algebro-geometric situation, the moduli space X, 4 of J-holomorphic degree-
d stable maps from n-pointed genus-g complex curves to X is in general singular and of
the “wrong” dimension. Siebert embeds X, , 4 in a finite-dimensional orbifold Z, , 4 and
constructs a finite-rank orbibundle F ,, 4 over Z,, 4 with a section s, ,, 4 such that the zero
locus of 54,4 is Xg p q. This allows him to define the virtual fundamental class of X ,, 4 as
a localized Euler class of F,, 4. In this section we summarize his construction [59, 62]. The

first step is to realize X, 4 inside a Banach orbifold of L? stable maps.

Suppose that p > 2. There is a Banach orbifold C(X;p) consisting of equivalence classes
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of stable maps of Sobolev class L} from complex curves to X. A point in C(X;p) can be
represented by a triple (C,x, ¢) where C is a prestable curve, x is an n-tuple of distinct
smooth points on C' and ¢ : C — X is an L} stable map. A chart on C(X;p) centered at
(C,x, ¢) takes the form

SxV

where S is the base of an analytically semi-universal deformation C — S of (C,x) as a
marked prestable curve, and V is a finite-codimension subspace of a space V = Ivﬂf (C,*TX)
of certain! LY sections of o*T'X . If (C, x) is stable as a marked curve then V = V. Otherwise,
S x V is a slice to the germ of the action of the identity component of Aut(C,x) on S x V.
Transition functions between these charts are smooth if we fix the complex structure on
the domain curve, but are not smooth in general — in other words, they are differentiable
relative to S. C(X;p) is therefore only a topological Banach orbifold, but it fibers in smooth
Banach orbifolds over the (analytic) Artin stack 9% of marked prestable curves. There is a
Banach orbibundle E over C(X; p) with fiber at (C, x, ) equal to a space L¥(C, @*TX@Q%I)
of certain LY sections of ¢*TX ® Q%l. E' is smooth relative to 9. There is an orbibundle
section sy ; of E, smooth relative to MM, which sends (C,x, ¢) to 0 7p. The zero locus of

85, is the space Chl(X, J) of J-holomorphic stable maps to X.

Consider a chart S x V centered at (C, x, @) € C*\ (X, J). The differential of 55, relative to
S is Fredholm and uniformly continuous at (0,0) € S x V. If 85,y is transverse at (C, x, ¢),
so that the relative differential o of s5 ; at (0,0) is surjective, then the implicit function
theorem (applied relative to S, see [59, section 1.3]) shows that near (C, x, ¢), the zero locus
chol(X, J) of 55 s 1s a finite-dimensional topological orbifold which is smooth relative to S.
A key notion from [59], which allows us to globalize this construction and simultaneously
deals with problems of transversality, is that of a Kuranishi structure. This is a finite-rank
orbibundle F defined over a neighbourhood N of C"!( X, .J) in C(X; p), together with a map
of orbibundles

7:F—F

such that 7 is continuously differentiable relative to S and, for any chart S x V centered in
Chl(X, J) as above, im 7(0,0) SPans the cokernel of . The existence of a Kuranishi structure

is established in section 6 of [59]. Let ¢ : FF — N be the bundle projection. The section

!See [59, section 5] for details.
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q*s + 7 of ¢*F over F is transverse along C"°!(X,.J), which we regard as lying in the zero
section of F. A neighbourhood of C*!(X,.J) in F is therefore a topological orbifold Z which
is smooth relative to M. C*!( X, .J) is cut out of Z by the canonical section of the orbibundle
q*F over F (restricted to Z). Concentrating our attention on degree-d stable maps from
n-pointed genus-g curves, this gives a finite-dimensional orbifold Z,, 4 and a finite-rank
orbibundle Fy , 4 over Z, , 4 together with a section s, 4 such that s;id(O) = Xgn,d- The
topological orbifold Z, ,, 4 is smooth relative to the Artin stack 9, ,, of prestable n-pointed,

genus-g curves. A chart on Z,, 4 centered at (C,x,¢) € X4, 4 takes the form
Sx W (B.1)

where S, as before, is the base of a semi-universal deformation C — S of (C,x), and W is
a finite-dimensional vector space. Without loss of generality, we can insist that Z,, 4 be
covered by the unit balls in finitely many such charts. We may also take Z; , 4 to consist of

C*° stable maps.

By making appropriate choices in the construction of the Kuranishi structure, we may take

the neighbourhood Z 41,4 of Xy 41,4 to be such that

€Vnt1 X

Zg,n—l—l,d

Zgn.d
is a family of C°° stable maps which restricts to give the universal family

€Vnt1 X

Xg,n+1,d

Xg,n,d

of J-holomorphic stable maps over X, ,4. We may also take the “obstruction bundle”

Fynt1,q to be 7F, , 4.
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B.2 K-theory and push-forwards

In order to extend our results to the almost-Kéahler situation, we will need to make sense
of the K-theoretic push-forward 7, : K*(Zy n41,04) = K*(Zgn,a)- Recall that if f: X — Y
is a proper complex-oriented map between smooth manifolds then the push-forward f; :

K*(X) — K*(Y) is defined as follows (see e.g. [55]). Take N > 0. Consider an embedding
g: X—-Yx RN

which projects to f. There is a neighbourhood of g(X) in Y x RY which is homeomorphic

to the normal bundle v,, and the pushforward f, is defined to be the composition

collapse*

K*(X) 2hom, g (Thom(v,)) K*(Thom(Y x RY)) Thom™1, frx(y)

For sufficiently large NV, any two choices of the embedding ¢ are isotopic through embed-

dings, so the push-forward is well-defined.

We are not, however, in this happy situation: the spaces Z; , 4 are orbifolds, and they are

only smooth relative to M, ,,. We deal with the orbifold problem first.

Claim. Z,, 4 is the orbifold quotient of a topological manifold Zg,n,d by a proper action of

a Lie group G = GLy. The topological manifold Zg,n,d is smooth relative to My .

Proof. By [59, section 6.4] there is a line bundle L over X such that if

ev

T X

Zgnd
is the universal family over Z, , 4 then ev* L carries the structure of a continuous family
of holomorphic line bundles (see [59, section 2.4]) on the fibers of 7 and such that for all
(C,x,9) € Zgnds
L’ax’@ =" (L) Qwe(zy + ...+ 2p)

is ample on each component of C. Fix M sufficiently large such that for all (C,x, ) € Z4 .4

we have:
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(1) (L’C7x7@)®M is very ample

(2) HY(C, (L

C,x,go)®M) =0

Let N = dim H(C, (L

C7x7@)®M). This is independent of (C, x, ¢) by (2).

Consider the moduli problem for quadruples (C,x, ¢, {f1,..., fn}) where (C,x, ) is an

LP stable map and {f1,..., fx} is a basis for H(C, (L}, ,)*M)

Cx.0 . The action of the group

Aut(C, x) on the set of such bases is free. Repeating the construction of Z , 4 for this new
moduli problem therefore gives a topological manifold VA g,n,d Which is smooth relative to

My, The quotient of Zg,n,d by the natural action of GLy is Zy, 4. O

We define the K-groups of 7, 4 using finite-dimensional approximations to the classifying

space BG, much as we did on page 59. Let
{EG" — BG") :r=1,2,..}

be approximations to the universal principal G-bundle EG — BG by finite-dimensional

manifolds such that

EGr—1 — . g™

BGU—Y . Bg™

and such that EG") — BG() is universal for principal G-bundles on cell spaces of dimension
up to r. Set

20 = (Zyma x EGT)/G

where we divide by the (free) diagonal action of G, and define
K*(Zgn.a) = @K*(Zs(r?z,d)

This is in fact independent of choices — it computes the K-theory of the classifying space
r)

5Ty

4 by considering
quadruples (C,x, ¢, {f1,..., fn}) where {f1,..., fn} is a basis for H(C, (L’axp)@M) as
r)

above, then we may construct Z;M_Ld by considering quadruples (C,x’, o, {f1,..., fn})

of the orbispace Z;, 4 [50]. In particular, if we have constructed Z;
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where x' = x U {x,11} and {f1,..., fn} is a basis for the same space H°(C, (L’C7x7¢)®M).

We will exploit this below.

Before we discuss the push-forward 7, : K*(Zynt1,4) = K*(Zgn,q) note that, since the
charts (B.1) on Z, ,, 4 are based on charts S on 9, ,,, the argument on pages 60-61 shows
that (1.13) and (1.14) give exact sequences of complex orbibundles on Zg 1 4. Thus the

relative cotangent orbibundle €2, to the map 7 is

n
O = Loy — Y 000z,,, —:0z (B.3)

i=1
where 0 1 Zgna — Zgnt1,d is the section of (B.2) given by the jth marked point and
i1 Z — Zgni1,4 s inclusion of the singular locus in the family (B.2). The equality (B.3) is as
elements of the Grothendieck group of complex orbibundles on Z,, 11 4. It gives compatible

complex orientations of the maps 7(") which are induced from 7:

(r=1) (r)
: Zg,n—l—l,d Zg,n—l—l,d

7T(T_1) 7T(T)

(r=1) (r)
Zgjn,d Zgjn,d

Here we use the construction of ZS(IZ)L

1 outlined above. Now

) Zg(y,rr)z—l-l,d - Zﬁ,d

is a complex-oriented map between topological manifolds, each of which are smooth relative

to My n, which covers the identity map on 9, ,:

(r)
(r) T (r)
Zg,Tn+1,d Zgjn,d
m‘tg7n m‘tg7n
We define the push-forward 7T,(f) : K*(Z;?H_Ld) — K*(Z;?hd) as on page 129, but using an

embedding

g:Z(T)

() N’
gnt+ld Zg,n,d xR
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which projects to 7(") and which is smooth? relative to M, . For N’ > 0, any two choices

for the embedding ¢ are isotopic through such embeddings, so 7T,(f) is well-defined.

Finally, we define the push-forward
T K*(Zgni1,4) = K (Zgna)

to be the map

T © lim K*(Z(T)

) 1) — lim KX (Z))

g,n,d)

induced by {w,(f) :r = 1,2,...}. The relative cotangent orbibundle Q, gives rise to an
element of K*(Z ., 4), which we also denote by €2, and the usual Riemann-Roch theorem

applied to the finite-dimensional approximations (") gives
ch(mea) = mo(ch(a)- TdY Q) (RR)
for all @ € K*(Zg n,a). Here we used the fact that

lim H*(Z{!), s Q) = H&(Z g0 Q)
= H*(Zg,n,d; Q)

B.3 Quantum Riemann—Roch

Examining the proof of Theorem 1.6.5 we see that it extends to the almost-Kéahler situation
provided that we can establish:

e an analog of (GRR) on page 59. This is (RR) above.

e an analog of Proposition 1.6.3. This follows from (B.3).

e expressions for the normal bundles to ¢;(Z, n,4) and Z in terms of universal cotangent
lines. These are obvious: the charts (B.1) on Z; ,, 4 are based on charts S on 91, ,, and

the corresponding expressions hold on 9, ,.

e various properties of the virtual fundamental class with regard to pull-back and re-

striction to the singular locus. These are verified in [62].

2To see that such g exist one can, for example, construct appropriately smooth embeddings of Z;?1 d

into RV’ using the standard proof of the Whitney Embedding Theorem (see e.g. Theorem 3.4 in [33]) and
the bump functions constructed in section 6.5 of [59].
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e analogs of Lemma 1.6.1 and Lemma 1.6.2, describing the behaviour of Ej, ¢ under
pull-back and restriction to the singular locus. These are Lemmas B.3.1 and B.3.2

below.

Thus Theorem 1.6.5 holds for almost-Kéahler manifolds. As a consequence, all of the results
on pages 1-17 of Chapter 0 and all of the results of Chapter 1, except the mirror theorems
in section 1.7.1, hold in the almost-Kéhler setting. The mirror theorems on pages 18-20 and
in section 1.7.1 rely on a comparison result [36] for algebraic virtual fundamental classes,

the almost-Kéhler analog of which does not seem to be known.

Lemma B.3.1. Let p: Zy 41,04 — Zgn,a be the map that forgets the last marked point and

then stabilizes. We have

p* Ch(Eg,n,d) = Ch(Eg,n—l—l,d)

Proof. Consider the diagram

11
Cg7n+17d Zg,n—l—l,d
q g
P F P
f
T
Cg,n,d Zg,n,d

where II : Cy 11,0 — Zgnt1,a and 7 : Cypng — Zgpn,q are the universal families, I is the
fiber product and the map P : Cy pni1,d4 — Cgn,a forgets the (n+ 1)st marked point and then
stabilizes. A point of the fiber of F' over (C,x, ¢) € Zg,, 4 is a choice of two points in C' —

call them e and o, where e is the point corresponding to C, 4. We need to show that
p*1m.(evi(ch(E)) TdY Q) = I, (evi(ch(E)) Td" Qn)

But
p*me(evi(ch(E)) TdY Q) = g.f*(evi(ch(E)) TdY Q)
= g.(evi(ch(E)) Td" Q)
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and
IL(evy(ch(E)) TdY Qn) = gugs(evi(ch(E)) Td" Q)
= gx(evi(ch(E)) TdY Q4 ¢.(Td" Q)
so it suffices to show that

(TdY Q,) =1
Now q : Cyny1,4 — F' is an isomorphism outside
- the codimension-2 locus Y in F' where e and o coincide with the same marked point,
and
- the codimension-3 locus Y’ in I’ where e and o coincide with the same node.

These loci are disjoint. Since g is birational, the fundamental class of Cy 5,114 pushes forward

to the fundamental class of F', so we need to show that
&(TdT,—1)=0 (B.4)

The relative tangent bundle T}, vanishes away from Y and Y, so TdT;, — 1 is supported
near Y and Y’. In proving (B.4) we may therefore replace F' by neighbourhoods U and U’
of Y and Y’ respectively, and replace Cg 11,4 by U=q'U)and U = ¢ U).

The component Y; of Y on which e and o coincide with the ¢th marked point is a copy of
Zg.n,d- There is a neighbourhood U; of Y; which is homeomorphic to a neighbourhood of the
zero section in L7 @ LY and is such that ¢ : q¢ Y (U;) — U; is the blow-up of U; along Y;.

Claim. On U,

¢.(TdT, —1) =0

Since Td T, — 1 is supported on ¢~*(Y;) we may take U; to be the total space of N = L*& L}
and U; = ¢~ 1(U;) to be the total space of the tautological bundle O(—1) over P(N).

P(N) s O(-1)

Y— N
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Denote the first and second copies of LY in N by E; and Ej respectively. Equip £ and F»
with S'-actions of distinct weight. This gives an action of the 2-torus T on N = E; & F».
Let the T-equivariant Euler classes of F; and Ey be A1 and Ao respectively. We need to
show that

/ (TdT, - 1)g"a =0 for all « € H*(N) of compact support
o(-1)

This will follow from the corresponding T-equivariant statement, which we prove using
fixed-point localization. There are two T-fixed loci in O(—1), each of which is also a copy

of YV:

e Aj, coming from the zero locus of NV together with the line £ through the zero locus,

with normal bundle N4, = E; & (ET ® E»).

e A,, coming from the zero locus of NV together with the line £ through the zero locus,

with normal bundle Ng, = E» & (E ® E).
We have
Tq|A1 = Er & E2 - E2

Tq|A2 = E; & El - El
Thus

/ (TdT, — 1)¢*« = contribution from A; + contribution from A
o(-1)

_/ J (@) ( Ao — A 1—e _ 1>
Sl Qe = A\ =M )
+/ j*(oz) /\1 - /\2 1-— €_>\1 1
v oA = d) \ 1 —eMe M A
_ / jla)(1-e? 1-e™ ) j*a) (L _ L)
B Y Ao \ 1 — e>‘1_>‘2 1-— e>‘2_>‘1 A1 — Ay \ g A
() [ 1—e eMTr2 _ emhe
-1
/y Ao (1 — M * M2 >

/j*(a) L—eh™
y AAg \1— et

0
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This proves the Claim. Consequently, on the neighbourhood U of Y in F we have

¢.(TdT, —1) =0

It remains to deal with the codimension-3 locus Y’ where e and o coincide with the same
node. A component V' of Y’ projects to a stratum V in Zg,, 4 which consists of nodal
curves, and a neighbourhood W of V' in Z; , 4 is homeomorphic to a neighbourhood of the
zero section in the bundle L} ® L* over V. Here L, and L_ are the cotangent lines at the
relevant node. A neighbourhood of g(V’) in Zj 11,4 is homeomorphic to a neighbourhood of
the zero section in the bundle L% ®© L* over V, and we may assume that p : Zy 11,4 — Zgnd
maps this neighbourhood to W via
Ly oL - L L
(z,y) = zy

A similar statement is true for the map 7 : Cy . q — Zgn,d, and so a neighbourhood of %44

in Y consists of the intersection of the family of quadratic cones
Q={(r,y,u,v)e L @ L O L} © L* :xy = wv}
with a neighbourhood of the zero section of L} & L* @© L% © L*
The preimage of V' in Cg 41,4 is
V x Moa =V x P!
where we choose a co-ordinate z on P! such that
(0,1, 00) = (node carrying L_, o,node carrying L )

A neighbourhood of V x P! in Cyn+1,4 is homeomorphic to a neighbourhood of the zero
section in the bundle O(—1) ® (L% ® L*) over V x P!, and a local model for the map
q: Cg,n—l—l,d — Fis
(O(-1)®LL)e (0(-1)®LY) > Li & L* @ L} & L~ (B.5)
(v®a,w®b) — ({(v)a, z{(w)b, z{(v)a, {(w)b)

Here ¢ is the section of O(1) which vanishes at z = 0o, so z£ is the section of O(1) which
vanishes at z = 0. The image of the map (B.5) is the family of cones @Q; the map is an

isomorphism away from the zero locus of O(—1) ® (L% @ L*).
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We want to show that

¢ TdT, =1
in a neighbourhood of Y”. Since T, vanishes outside ¢~ (V") it suffices to prove this for the
local model

o-Ne(iel) L Qcliol al: oLr

given by (B.5). In other words, we need to show that

(TdT,)q o = / a for all « € H*(Q) of compact support  (B.6)

/(9(—1)®(L1@L*) Q

Assume that L, and L_ carry T-actions of distinct non-zero weight, and denote the T-
equivariant Euler classes of L% and L* by A; and A_ respectively. We will deduce (B.6) from
the corresponding T-equivariant statement, which we prove using fixed-point localization.

The T-fixed locus in O(—1) @ (L% & L*) is a copy of V x P!, with normal bundle
O(-1)® (L & L*)

Since @ is cut out of L} @& L* @© L} @© L* by a section of L} ® L*, the relative tangent
bundle 77 is

T,=TP' + O(-1) @ L} + O(~1) ® L* —2L*% —2L* + L} ® L*

Thus, for o € H}(Q),

/ (TdT,)q"«
O(-1e(Li Lt )

equals

/ 2P 1 1 1l—e?\2/1—e™\2 A +A.
(6%
vxpl 1 —e 2P 1 — el 1 — A A A 1— e 27

where j : V — @ is the inclusion of the zero section and P is the hyperplane generator for

H*(P'). But this is

/}{dP 2P 1 1 (1—e—A+>2<1—e—A>2 Ap+A_
P2 o
v P2 1 _ e—2P 1 _ eP—A+ 1 _ eP—A7 A+ A_ 1 _ e_)\+_>\7]

and since

dP 2P 1 1 B d 2P 1 1
?1—6_2P1—6P_>‘+1—6P_A* _d_P 1—e 2P 1 P21 — P2
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we see that

A A
O(-1)®(L; &Lx) voALAD
_ / o
Q
Thus ¢.(TdT, — 1) = 0 in a neighbourhood of Y’. The Lemma is proved. O

An argument of a similar character proves:

Lemma B.3.2. Let
Z~redHZ~irr lm‘l—m‘r_’ Z _Z_’ Zg,n—l—l,d

where
Zred = H Zg+,n++A,d+ XX Z0,1+A+A,0 XX ng,n,—l—A,d,
9=g9++9g—
n=n4—+n—
d=d4++d—
and
Zirr = Zg—1n+a+s XXxX ZO,l—i—A—l—A,O

Denote by py and p_ be the projections onto the first and third factors of ZNW. We have
7:edi* Ch(Egvn'l'lvd) = pj’ Ch(Eg+7n++A7d+) + pt Ch(Eg,7n,—|—A7d,) - eVZ Ch(E)

and
Vit ch(Eg pi1,a) = ch(Eg_1 n+ata,d) — eva ch(E)

where eva 1s the evaluation map at the point of gluing.

B.4 Quantum cobordism

We now extend the proof of Theorem 2.4.1, and consequently of all the results in Chapter
2 and on pages 26—28 of Chapter 0, to the almost-K&hler setting. To do this, we need to
establish:

e the existence of a well-defined virtual tangent bundle ’];UZ 1 € K*(Zgna)

e the equality

vir ___%vir *
gn+l,d — ™ g,n,d + Q7r (B7)
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e the results of section 2.5.3

The linearization of the d-operator 0 ; (with respect to the trivializations defined in section

6 of [59]) gives a two-term complex of Fredholm orbibundles on Z, , 4:
oy LP(C,0*TX) — LE(C, o*TX © Q%) (B.8)

(this is like the linearization of the section s; ; except that we do not restrict the domain to
V C LY(C,¢*TX)). We will use this complex to define the virtual tangent bundle of Z,, 4
relative to M, ,. Choose a chart S x W on Zg,, 4. Section 6.3 of [59] shows that oy can be

written, up to a zero-order operator, as

oiliexe) =0prx.s+ R

where R is J-antilinear. Following McDuff [48, section 4], we consider a path of Fredholm
operators

o LY(C, " TX) — LP(C,¢*TX ® Q") 0<t<1

defined by
o =05 —tR

Since 01 = 0,*7x,s is J-linear, the complex
o1 : LP(C, *TX) — LX(C, " TX @ Q%)

defines® an element of K*(Z,,.4), 7%, which we regard as the virtual tangent bundle of
Zgn,d relative to My ,,. Since it is the index bundle of 5¢*T x,J, the family Index Theorem
gives

ch(T) = ch((TX)g,n.a)

rel

Recall that there is a map p: Z;,.4 — My . We set

vir vir *
gn,d — “rel +p Tmtg,n

3See [57]. The key step is the construction of a finite-rank (orbi)bundle F’ over Zy .4 and a map
7 F = LN(C 0" TX @ QYY)

which spans the cokernel of o;. This can be achieved as in section 6 of [59].
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In the notation of page 21,

(T ) = ch((TX)gna) + ch(Def(C) & Aut(C))

and so the conclusions of section 2.5.3 hold here too. Working in charts of the form (B.2,

B.1), the equality (B.7) is clear. Thus Theorem 2.4.1 holds for almost-Ké&hler manifolds.



