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ABSTRACT. The paper [11] gives a construction of the total descendent poten-
tial corresponding to a semisimple Frobenius manifold. In [12], it is proved that
the total descendent potential corresponding to K. Saito’s Frobenius structure
on the parameter space of the miniversal deformation of the A,,_1-singularity
satisfies the modulo-n reduction of the KP-hierarchy. In this paper, we identify
the hierarchy satisfied by the total descendent potential of a simple singularity
of the A, D, E-type. Our description of the hierarchy is parallel to the vertex
operator construction of Kac — Wakimoto [17] except that we give both some
general integral formulas and explicit numerical values for certain coefficients
which in the Kac — Wakimoto theory are studied on a case-by-case basis and
remain, generally speaking, unknown.

1. The ADE-hierarchies. According to Date-Jimbo-Kashiwara—Miwa [6] and
I. Frenkel [10], the KdV-hierarchy of integrable systems can be placed under the
name A; into the list of more general integrable hierarchies corresponding to the
ADE Dynkin diagrams. These hierarchies are usually constructed (see [16]) using
representation theory of the corresponding loop groups. V. Kac and M. Wakimoto
[17] describe the hierarchies even more explicitly in the form of the so called Hirota
quadratic equations expressed in terms of suitable verter operators.

One of the goals of the present paper is to show how the vertex operator de-
scription of the Hirota quadratic equations (certainly the same ones, even though
we don’t quite prove this) emerges from the theory of vanishing cycles associated
with the ADE singularities.

Let f be a weighted-homogeneous polynomial in C? with a simple critical point at
the origin. According to V. Arnold [1] simple singularities of holomorphic functions
are classified by simply-laced Dynkin diagrams:
oV g2 2
Nl—i-l +?2+73, Dy, N>4: f:xfxz—xévfl—i-xg,

Eg: f:x:f—l—xg—i-xg, E;: f=al+axas+a3, Es: f=a}+a5+23
Let H = Clz1, x2, 23]/ (foy, fvs, [z) denote the local algebra of the critical point.
We equip H with a non-degenerate symmetric bilinear form (-,-) by picking a
weighted - homogeneous holomorphic volume w = dx; A dxa A dxs and using the
residue pairing:
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Let H = H((z~')) be the space of Laurent series f(z) =", ., fxz" in one indeter-
minate 27! (i.e. finite in the direction of positive k) with vector coefficients f, € H.
We endow H with the symplectic form

Of,g) = 5 §(E(-2).8()) d=
i
The polarization H = Hy & H_ where Hy = Hl[z] and H_ = 27 'H[[z7!]] is
Lagrangian and identifies ‘H with the cotangent bundle space T*H. The Hirota
quadratic equations are imposed on asymptotical functions of q = qg+q12+q22% +
. € Hy. By an asymptotical function we mean an expression of the form

® = exp Z ﬁgflf(g)(q)
g=0

where usually F9) will be formal functions on H, . By definition, vertex operators
are elements of the Heisenberg group acting on such functions. Given a sum f =
> f.2* (possibly infinite in both directions) one defines the corresponding vertex
operator of the form

DNV — e (SRS VY exo{(VRY. S fe0/0q} ).

k>0 k>0 a

Here f7,q are components of the vectors fy, qi in an orthonormal basis. We will

make use of the vertex operators I'?()\) corresponding to 2-dimensional homology
classes ¢ € Ho(f~1(1)) ~ Z" and defined as follows. Take

£:=3 1PN (—2)" where dI{?/dx =10,
keEZ

and I(g;l)()\) € H is the following period vector:

1 w

(IO, ) 2= 5 /¢ e

The cycle ¢ is transported from the level surface f~1(1) to f~1(\), and v, are
weighted-homogeneous functions representing a basis in the local algebra H. ' The
functions (Iék), [44]) are proportional to the fractional powers \«/"=k=1 where h
is the Coxeter number and m, = 1 + hdeg, are the exponents of the appropriate
reflection group Ay, Dy or Ey.

The lattice Ha(f~1(1)) carries the action of the monodromy group (defined via
morsification of the function f) which is the reflection group with respect to the
intersection form of cycles. The form is negative definite, and we will denote (-, )
the positive definite form opposite to it. Let A denote the set of vanishing cycles,
i.e. the set of classes o € Ho(V1) with (o, ) = 2 such that the reflections ¢ —
¢ — {a, ) belong to the monodromy group. The Hirota quadratic equation of the

IAs it follows, for instance, from [13], the integral on the R.H.S. depends only on the class
[va] € H.
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ADE-type takes on the form

N(h+1)

(1) Resiee B[S aa T 00 0)| @o@)= 0T

acA

2 S G b o1 - 100G

k>0 a

(¢®P)+

0
aqk) (P ® ).

The tensor product sign means that the functions depend on two copies q' and

" of the variable q, and the objects on the left of ® refer to q = ¢’ while those
on the right to q = q”. The equation can be interpreted as follows. Set q' =
x+y,q" =x —y. and expand (1,2) as a power series in y. Namely, rewrite the
vertex operators:

TN @T™*(\) = exp{>_2(=1)*"f,  h 2y} exp{)_ fih'/?0ye}

where the coefficients f (respectively f®, ,) are proportional to negative (re-
spectively positive) fractional powers of A\. The residue sum (which should be
understood here as the coefficient at A\°) can therefore be written as a power series
> Y™ Pm(dy) in y with coefficients Py, which are differential polynomials. Also,
PP = P(x+y)P(x —y) can be expanded into the Taylor power series in y
with coefficients which are quadratic expressions in partial derivatives of ®(x). Fi-
nally the operator in (2) assumes the form 23, , (ma/h + k)y;0ye. Equating
coefficients in (1,2) at the same monomials y™ we obtain a hierarchy of quadratic
relations between partial derivatives of ®(x).
In particular, the equation corresponding to y° shows that

3) 3 a, = MDY

is a necessary condition for consistency of the hierarchy (i.e. for existence of a
non-zero solution ®).

According to C. Hertling (see the last chapter in [15]) for any weighted - ho-
mogeneous singularity the expressions N(h +1)/(12h) and h=2>"_ ma(h —mq)/2
coincide. Therefore the operator on the R.H.S. of the Hirota equation is twice the
Virasoro operator?

Me “ ma(h —myg)
> (5= + k) yi Oyp + ; —

a,k

The coefficients a, actually depend only on the orbit of the vanishing cycle
a under the action of the classical monodromy operator defined by transporting
the cycles in f~()\) around A = 0 and acting as one of the Coxeter elements in
the reflection group. In fact the root system A consists of N such orbits with A
elements each. Summing the vertex operators within the same orbit acts as taking
the average over all h branches of the function A'/". Thus the total sum does not
contain fractional powers of A when expanded near A\ = co.

2In a sense it corresponds to the vector field AJ) in the Lie algebra of vector fields on the line
— see Section 7 for further information about this.
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The exact values of the coefficients a, can be described as follows. To a vector
B € Ha(f1(1),C) ~ C¥, associate the meromorphic 1-form on C¥

1 d{y, z)
(4) Ws = D) Z<5,7>2w-
=y 75
Let w be an element of the reflection group and o and 3 = wa be two roots. Then
w K
(5) ag/aa = exp/ W, = H (K, ~Y><0¢>’Y>2/2*<ﬁ7’y)2/2,

YEA

where k € C denotes an eigenvector of the classical monodromy operator M with
the eigenvalue exp(27i/h). The R.H.S. does not depend on the path connecting
k with w1k since W, is closed with logarithmic poles on some mirrors and with
periods which are integer multiples of 27i. It does not depend on the normalization
of k since W, is homogeneous of degree 0. Also, the identity (see i.g. [5], Section
V.6.2)

Z(”y,x)Q =2h (x,x)

YEA

implies that is~;,0/92,Wa = —2h and shows that f’jw " Wy =h™! f’jw . W =
—4mi so that apre = a, as expected. While the ratios of a, are determined by (5),
the normalization of a, is found from (3) which says that the average value of a,
is (h + 1)/12h% Later we give two other description of the coefficients a, — as
certain limits and as explicit case-by-case values.

Conjecture. The Hirota quadratic equation (1—5) coincides (up to certain
rescaling of the variables qf ) with the corresponding ADE-hierarchy of Kac — Waki-
moto [17].

In Section 8 we confirm this conjecture in the cases Ay, Dy and Fjg. 3

2. The total descendent potential. The second goal of this paper is to gener-
alize to the ADE-singularities the result of [12] that the total descendent potential
associated to the A,,_i-singularity in the axiomatic theory of topological gravity is
a tau-function of the nKdV (or Gelfand-Dickey) hierarchy.

According to E. Witten’s conjecture [22] proved by M. Kontsevich [18], the
following generating function for intersection indices on the Deligne — Mumford
spaces satisfies the equation of the KdV-hierarchy: 4

(6) S I | (R B!
g,m IM k=0

g,m g=1

In the axiomatic theory, the total descendent potential is, by definition, an
asymptotical function of the form

D = exp Z ﬁgflf(g)(q)
920

3There has been a new development in the subject which leads, in particular, to the proof of the
conjecture: motivated partly by this paper, E. Frenkel found a simple formula for the analogues
in the Kac—Wakimoto theory of the coefficients aq.

4Here 1; is the 1-st Chern class of the line bundle over ﬂg,m formed by the cotangent lines
to the curves at the i-th marked points.
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where F9) are formal functions on Hy near the point q = —1z. (Here 1 is the
unit element in the local algebra H.) This convention called the dilaton shift is
already explicitly present in (6). The formal functions F) called the genus g
descendent potentials are supposed to satisfy certain axioms dictated by Gromov—
Witten theory. The axioms (while not entirely known) are to include the so called
string equation (SE), dilaton equation (DE), topological recursion relations (TRR
or 3g — 2-jet property) and Virasoro constraints.

According to [14], the genus-0 axioms SE+DE+TRR, for F(©) are equivalent to
the following geometrical property (x) of the Lagrangian submanifold £L C H =
T*H, defined as the graph of dF(©):

(x) L is a Lagrangian cone with the vertex at the origin and such that tangent
spaces L to L are tangent to L exactly along zL.

In other words, the cone L is swept by the family 7 € H — 2L, of isotropic
subspaces which form a variation of semi-infinite Hodge structures in the sense of
S. Barannikov [3]. According to his results, this defines a Frobenius structure on
the space of parameters 7.

In the case of ADE-singularities (and, more generally, finite reflection groups)
the Frobenius structures have been constructed by K. Saito [20]. Consider the
miniversal deformation

fr(z) = f@) + 7n(@) + .+ TV O (@),

where {1, } form a weighted-homogeneous basis in the local algebra H, and ) = 1.
The tangent spaces 1,7 to the parameter space 7 ~ CV are canonically identified
with the algebras of functions on the critical schemes crit(f;): Ora +— 0f; /0T
mod (9f;/0x). The multiplication e on the tangent spaces is Frobenius with respect
to the following residue metric:

Ya(@)p(2) w
(87-a ) 87'17 : 27T’L %% Bj.,- aj-,- ofr

Bml amg amg

The residue metric is known to be flat and together with the Frobenius multiplica-
tion, the unit vectors 0.~ and the Fuler vector field

N
E:= Z (deg7®) 7% Ora, deg7®=1— (mg —1)/h,
a=1
forms a conformal Frobenius structure on 7 (see [7]).
On the other hand, the condition (*) involves only the symplectic structure €
on ‘H and the operator of multiplication by z and thus admits the following twisted
loop group of symmetries:

LAGL(H) ={M € End(H) ((1/2)) | M(—=2)*M(z) = 1}.

According to a result from [14], when the Frobenius structure associated to the
cone L is semisimple, one can identify £ with the Cartesian product L4, x... x L4,
of N = dim H copies of the cone L4, defined by the genus 0 descendent potential
Fa (0) = limp 0 RInD4,. The identification is provided by a certain transformation
MT from (a completed version of) L?)GL(H) whose construction depends on the
choice of a semisimple point 7.

A number of results in Gromov — Witten theory suggests that the higher genus
theory inherits the symmetry group L?GL(H) (see [11, 14]). This motivates the
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following construction of the total descendent potential of a semisimple Frobenius
manifold.

Adopt the following rules of quantization "~ of quadratic hamiltonians. Let
{...;Pay s qb, ---} be a Darboux coordinate system on the symplectic space (H, Q)
compatible with the polarization H = H, & H_. Then

(2a®)” = qaqv/hy  (qapb)” = 4a0/0qy, (papp)” = hO®/0q.0qs.

This gives a projective representation of the Lie algebra L(?) gl(H) in the Fock space.
The central extension is due to

[F,G] = {F.G}Y +C(F,G)
where C is the cocycle satisfying

11fO[ )
C(paps, 4aqp) = { 2 if ig

and equal 0 for any other pair of quadratic Darboux monomials.
Introduce the total descendent potential as an asymptotical function:

D:=C(1) M, [Da, ®...® Da,),
where M := exp(InM)", and C(7) is a normalizing constant possibly needed to
keep the R.H.S. independent of the choice of a semisimple point 7. This definition
has been tested in [11, 12] and is known to agree with the TRR, SE, DE and the
Virasoro constraints. Here is a more explicit description of M, and C(7) in the
form applicable to Frobenius manifolds of simple singularities.
Consider the complex oscillating integral

Jn(1) = (—27‘(2’)73/2/ el @/zy,,
B
Here B is a non-compact cycle from the relative homology group
Clim H,,(C™ {z:Re(fr/2) < —C}) ~ZV.

We will use the notation 01, ..., dn for partial derivative with respect to a flat (and
weighted - homogeneous) coordinate system (¢!, ...,¢"V) of the residue metric. We
treat the derivatives z0,Jx as components of a covector field z Y 0, Judt® € T*T
which can be identified with a vector field via the residue metric and — via its
Levi-Civita connection — with an H-valued function Jg(z,7). According to K.
Saito’s theory these functions satisfy in flat coordinates the differential equations

(7) 200J = (050)J
together with the homogeneity condition:
(8) (20, —p+2"'Ee)J =0

where p = —p* is the diagonal operator with the eigenvalues 1/2 — m,/h. The
latter equation yields an isomonodromic family of connection operators V, = 0, —
w/z + (Ee)/2? regular at z = oo and turning into 9, — u/z at 7 = 0.

According to [8], there exists a (unique in the ADE-case) gauge transformation
of the form S;(2) = 1+ S1(7)27 + Sa(7)272 + ... (i.e. near z = co) conjugating
V. to Vi and such that S*(—z)S;(z) = 1. It satisfies the homogeneity condition
(20, + Lg)S; = [, S7].

On the other hand, let 7 be semisimple. Then the functions f, have N non-
degenerate critical points x(*)(7) with the critical values u®(r) and the Hessians
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A, (7). The local coordinate system {u®} (called canonical) diagonalizes the prod-
uct e and the residue metric:

D/0u®  8/0ub = 6,,0/0u’, (0/Ou®,8/0ub); = 6. A, D/ Ou’.
Define an orthonormal coordinate system
U(r):CN - T, T =H, \Il(ql,...,qN):an\/Aaa/aua,

and put U, = diag[u'(7),...,u™(7)]. Stationary phase asymptotics of the oscillat-
ing integrals Jg,,a = 1,..., N, near the corresponding critical points (@ yield a
fundamental solutions to the system (7),(8) in the form

U(T)R,(2)eV"/*, R, =1+ Ri(7)z+ Ra(7)2% + ..., R.(—2)R.(2) =1.

The matrix series R, satisfies the homogeneity condition (29, + Lg)R, = 0 and,
according to [11], an asymptotical solution with this property is unique up to re-
ordering or reversing the basis vectors in CV.

Define
1 T aa a
e(r) = 5/ Ea R{*(7)du

as the local potential of the 1-form > R{*du®/2 (which is known to be closed [7]).
In the above notations, the total descendent potential of the ADE-singularity
assumes the form

(9) D =" S U(r) R, e D%fv.

The R.H.S. is known to be independent of 7 (see [11]) and defines D (up to a
constant factor) as an asymptotical function of q = qo + q12z + q222 + ... in the
formal neighborhood of q = 7 — z with semisimple 7.

Our main result is the following theorem.

Theorem 1. The total descendent potential (9) of a simple singularity satisfies
the corresponding Hirota quadratic equation (1-5).

In Section 4, we discuss Hirota quadratic equations of the KdV-hierarchy. The
plan for the proof of Theorem 1 is to reduce the Hirota quadratic equations for D
to those for Dy, by conjugating the vertex operators in (1,2) past the quantized
symplectic transformations from (9). In Section 5, we describe the results of such
conjugations by quoting corresponding theorems from [12]. The residue in (1)
is computed in Section 6 and is compared with (2) in Section 7. The case-by-
case tables for the coefficients a, are presented in Section 8. A key to all our
computations is the phase form and its properties discussed in next section.

3. The phase forms and the root systems. Consider a flat family of cycles
¢ € Ha(f7(\) in the non-singular Milnor fibers and define the period vector

I (A7) € H by
(=1 w
(10) (I (A7), 00) 1= 0 o -
¢ 2 Jocston A
It is a multiple-valued vector function on the complement to the discriminant which
turns into I(;O)()\) from Section 1 at 7 = 0.
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The phase form W, s (defined in [12], Section 7) is given by the formula
) N
Was(A1) =3 (IO (A7) 0 I (A7), 870) dr.
i=1
It is a multiple-valued 1-form on the complement to the discriminant and depends
bilinearly on the cycles «, 8 (to be chosen in (f; ' (1) and transported to f;*()\)).
According to [12], the phase forms have the following properties.
(1) dWa,5 = 0.
(2) Loy 1onWas =0, i.e. W is determined by the restriction

Wa,5(T) := Wa 5(0,7), Wa (A, 7) = Wa g(T — AL).

(3) LEWa,3 =0.

(4) Near a generic point of the discriminant A C 7 the form W, s becomes
single-valued on the double cover and has a pole of order < 1 on D (since
I have a pole of order < 1/2).

5) 3%7 Wa g = —2mi{e, v)(8,7), where 7 is the cycle vanishing over a generic
point of the discriminant, and 4., is a small loop going twice (in the positive
direction defined by complex orientations) around the discriminant near
this point.

Proposition 1.

Proof. The phase form W, g becomes single valued on the Chevalley cover rep-
resenting 7 as the quotient of CV = H2(f; (1), C) by the monodromy group. The
properties (1) and (4) show that it has at most logarithmic pole on the mirrors
(v, ) = 0. The property (5) controls the residues on the mirrors. The difference of
the L.H.S. and the R.H.S. has to be a holomorphic 1-form, homogeneous of degree
0 by to the property (3), and therefore vanishes identically. [

Corollary 1. igW, 3 = —(a, ().

Indeed, the Euler vector field becomes h=1 3" x,0,, on the Chevalley cover, so
that the equality follows from »: _,(a,7)(8,7) = 2h{(a,B). This is one more
general property of phase forms established in [12].

Corollary 2. The phase form Wg of Section 1 coincides with W g.
Remark. The inverse to the Chevalley quotient map is given by the period map
T w/df:] € H*(f71(0),C) ~ H?(fg ' (1),C) ~ C*.

The periods I&O) are defined via the differential of the inverse Chevalley map and
therefore represent parallel translations of the cycles « considered as covectors in
CN. The value of phase form W,, 3, which is also a covector, is constructed as the
Frobenius product « @ 8 of covectors (defined by the isomorphisms 7,7 ~ T*T
based on the residue metric). Thus the formula

a‘ﬁ—QZ av 67

YEA
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defines on (CV)* a family of commutative associative multiplications depending
on the parameter x. ® It would be interesting to find a representation-theoretic
interpretation of this structure defined entirely in terms of the root system A.

We prove several further properties of phase forms needed in our computations.

Proposition 2. In the case of ADE-singularities, suppose that B has integer
intersection indices with all o € A and is invariant under the monodromy around
a discriminant-avoiding loop . Then f,y Weg,p € 2mi Z.

Proof. This is Proposition 1 from Section 7 of [12]. O
It would be interesting to find out if the property remains valid for non-simple
singularities.

We will see in Section 7 that the coefficients a, introduced in Section 1 can be
equivalently defined via the following limits b,. Start with choosing (71, ...,7n) =
—1 = (0,...,0,—1) in the role of the base point in 7 and identify A with the set
of vanishing cycles in Ha(f~;(0)) = Ha2(fy *(1)). Let us also fix 7 € T such that
fr is a Morse function, and let » will be one of the critical values of f. so that
T —ul € A. We may assume that 7 — (v + 1)1 ¢ A and that the straight segment
connecting 7 — (v + 1)1 with 7 — u1 does not intersect A. For each o € A, pick a
discriminant-avoiding path 7, connecting —1 with 7 — (u + 1)1 and further with
7 — ul along the straight segment and such that o becomes the vanishing cycle
when transported along 7, from 1 to 7 — ul. Assuming that integration of the
phase form is performed along this path we put

7—(ute)l —£9 dt
(11) by = lim exp{ - / Waa — / —
e—0 _1 ’ _1 t

Proposition 3. The limit exists and does not depend on the choice of the path of
integration provided that the path terminates at a generic point of the discriminant
and that the cycle « transported along the path vanishes over this point.

Proof. We may assume that u = u® is the first of the canonical coordinates

U = (u!,...,u"), and therefore u' = 0 is the local equation of the discriminant
branch. Since « is vanishing at the end of the path, the period vector I&‘” has the
following expansion (here 1; stand for the standard basis vectors in CV):

+2 .

—_— (1 + (A=t alUli—l-o)\—ul).
o (L A=) UL o0 - )
Since ¥(1;) = /A;0/0u’, we have (1;  1;,0/0u”*) = &;;0;;, and therefore
2dut
—ul
We see that the integral f:;::i)l Wa.a diverges the same way as — ffl 2dt/t so
that the difference converges. This proves the existence of the limit. Removing
this singular term we find that the integral [[4a;(U)du' + O(—u4)] vanishes along
any path inside the discriminant branch u; = 0. This shows that the limit b,

is locally constant as a function of the path’s endpoint on the discriminant, and
therefore — globally constant due to the irreducibility of the discriminant. Finally,

VO () =

Waa = > (I o IV 0/0uF)du* 3= = + 40" (U)duy + O(—uy).

5We are thankful to V. A. Ginzburg who explained to us that this is a special case of a family
of Frobenius structures constructed by A. P. Veselov [21].
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precomposing a path with a discriminant-avoiding loop v with trivial monodromy
of the cycle o does not change b, thanks to Proposition 2. [J

Corollary. an/ag =ba/bg for all a, 5 € A.

Proposition 4. Let 0. be a small loop of radius € around the discriminant near
a generic point T —ul, and let {(«, B) = £1, where (3 is the cycle vanishing at this
point. Then lim._,q 3% v, = — .

Proof. We have o = £5/2 + o where ¢ is invariant under the monodromy
around J.. Expanding I&O) =1, O 4 I[g% near A = u as in the proof of Proposition
3 we find

%Waa: 7{0 ) du = —7i + O(\/e) — —mi. O
5 ’ 5 —2’[,L

In fact this property has been already used in [12].

4. Two forms of the KdV-hierarchy. Consider the miniversal deformation of
the A;-singularity in the form f,(z) := (2% + 23 + 23)/2 + u. The vanishing cycle
« can be identified with the real sphere (23 + 23 + 2%) = 2(A — u). The period is
d d d d 4
/ dwy A dy N drs = 220200 — )32 = 47201 — ).

. df. r3
Since (1,1) = Resdxi A dxe A dxs/x12003 = 1, we have Lgfl)()\, u) = 24/2(A — u),
and more generally, IS (\, u) = £2(d/dA\)*(2(\ — u))~'/2, k € Z. The Coxeter
transformation swaps o and —«a and so aq = a_, = (h + 1)/12h? = 1/16. The
equation (1,2) in this example assumes the form

(12)  ReSy—oo % lz Aipta)) @ MTFEN)| (@@ @) =16 (I + é) (@@ ®),

where

2k +1
(13) =Y 5 (@ @1 -10a) (9, ®1-120,).
k>0

Here we use the notation “41T?()\) to single out the vertex operators I'?(\) of the
Ajz-singularity. In order to identify the condition (12) for ® with the KAV hierarchy
in [16, 17] corresponding to the root system A;, we denote v/2X by ¢, rescale the
variables by qr = (2k + 1)!Mtox41 and put z,, = (¢, +¢1)/2, ym = (t,, — t1)/2
where m =1, 3,5, .... In this notation [ = ) myn,J,,,, and (12,13) becomes

Res 5 6 2R 18 S | Bx+y) Blx—y) 0.

This coincides with the equation (14.13.1) in [16] characterizing tau-functions ® of
the KdV hierarchy.

Another form of the Hirota quadratic equation for ® is based on the representa-
tion of the KdV-hierarchy as the mod 2-reduction of the KP-hierarchy (see [16],
Section 14.11). It can be rephrased (see [12]) as the condition

dA
+vVX

(14) lz AlFia/Q()\) ® Allﬂmﬂ()\) (® ® ®) has no pole in .
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Indeed, in the previous notations this can be rewritten as the property

ETR - TS Vi, O(x+y)P(x —y) contains no ~™ for odd m > 0.

This coincides with the mod 2-reduction of the KP-hierarchy of the Hirota equa-
tion (14.11.5) in [16]. According to a result from [16], Section 14.13, this condition
is actually equivalent to (12).

In Section 6 we will use the fact that (according to Kontsevich’s theorem) the
function ® = Dy, satisfies both forms (12) and (14) of the KdV-hierarchy.

5. Symplectic transformations of vertex operators. Generalizing the con-
struction of Section 1, introduce the vertex operator I'?(\) corresponding to the
vector f € H|[z, 27]] of the form

£200) =Y I () (=),

keZ

Here Iéo) is the period vector introduced in Section 3, and Iék) = dkléo) /d\F as

before. For k < 0 the integration constants are taken “equal 0” so that Iék) satisfy
the homogeneity conditions:

1
(AOx + LE) Iébk)()\aT) =(u— B

k
— k) I (A 7).
In particular Fg coincides with the vertex operator I'? from Section 1. We state
below several results about behavior of the vertex operators under conjugation by
some symplectic transformations and refer to Sections 5,6, 7 of [12] for the proofs.

Theorem A (see Proposition 2 in [12]).
. . 1 T—A1
S, TO(N) S71 = exp 5 / Wssp T2\
A1

We have to stress here that in order to compare the vertex operators Fg N
and T'2()\) one needs to transport the cycle ¢ from f;*(\) to f='(\) along a path
in 7 connecting —A1 = (0,...,—A) with 7 — A1 = (71,...,7v — A) and avoiding
the discriminant A corresponding to singular levels f71(0). It is assumed in the
formulation of the theorem that the integral of the phase form is taken along this
very path. Similar conventions apply to other formulas of this and following sections
involving integration of phase forms.

Now let the cycle ¢ € Ha(f-1()\) be written as the sum ¢ = (¢, 3)3/2 + ¢’
where (¢', 3) = 0. Here § is the cycle vanishing at a non-degenerate critical point
of the function f, with the critical value u and transported to f-!(\) along a
discriminant-avoiding path connecting 7 — A1 and 7 — u1.

Theorem B (see Proposition 4 in [12]).
Tul , ($,6)
T2(A) = exp {M / WW} ¢ (3) To 2P (0

2 —Al

The integral here is taken along the path terminating on the discriminant where
the phase form is singular. However the singularity is proportional to (A — u)~1/2
and is therefore integrable.
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Let us recall that the columns of the matrix R, in the asymptotical expan-
sion W(7)R,(z) exp(U/z) correspond to non-degenerate critical points of the Morse
function f, with the critical values u?(7). Let 3; be the cycle vanishing over u’.

Theorem C (see Proposition 3 in [12]).
((r)R,) ™! TSN (U(r)R,) = e W2 [ 10 (AT () D @1,

where _
T—u'l N
2 dt
W, = Ws. 53, — ——— |,
’ /Tfn ( b T TN i — tN)

and TP (N) is the vertex operator of the Ay-singularity with the miniversal de-
2

2 2
formation %1 + %2 + %’* + u corresponding to the c-multiple of the vanishing cycle.

The behavior of T L(i?) near A = u® is described by the asymptotics

2
T IO T) = ——— (1 +...
) 0T = s (114
where 1; is the i-th basis vector in C, and the dots mean higher order powers of
A — u’. Respectively, the vertex operator of the Aj-singularity is more explicitly
defined by the series f € C[[z, 27!]] of the form

R
kez dN* \/2(X = u)

where the branch of the square root should be the same as in the above asymptotics.
The subscript (i) indicates the position of the vertex operator in the tensor product
operator acting on the Fock space of functions of (q(V),...,q™)) = U~1(7)q. The
integrand in the formula for W; considered as a 1-form in the space with coordinates
(', ...,tN) identical to parameters of the miniversal deformation, while the notation
7= (r!,...,7V) is reserved for expressing the limits of integration. The phase form
W has a non-integrable singularity at t = 7 —u?1 which happens to cancel out with
that of the subtracted term so that the difference is integrable.

Finally, the following result is the special case of Theorem A corresponding to

the A;-singularity.

f (_Z)ka

Theorem D (see Proposition 3 in [12]).

2 A

. - 2 dt

e gy i o {5 1 2 A
A—ul

In fact this result can be obtained more directly using Taylor’s formula. Indeed,
for any analytic function I(®) we have

e u® lz I<k>(A)(_z)k] e/ = TM A+ u)(—2)F

keZ keZ

provided that |u| does not exceed the convergence radius of I(®) at A\. Thus the
transformation in the theorem effectively consists in the translation v A — u ~» VA
along an origin-avoiding path. The integral in the exponent should be taken along
this path.
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6. The residue sum. In this section, we compute the residue sum

dX
(15) Resa—oo Y lz boI'g(N) ® roa()\)] D®2
a€A

assuming that the coefficients b, are defined as in Proposition 3.
Introduce the total ancestor potential

A= S, D = &M U(r) R, eU-/2)" D%fv.
Applying Theorem A of the previous section we find that (15) can be rewritten as

(16) Resy—oo AdA [Z cal%(\) ® FTC‘()\)] A%Z

acA

7—(ute)l —€ 9 dt
Ccq = lim exp{—/ Waa—/ — .
e=0 A1 ’ -1t

assuming that o € Ha(f-1()\)) vanishes at A\ = v when transported along the path
of integration of the phase form. Note that the factor A=*d\ in (15) is replaced by
AdA in (16) due to Corollary 1 from Section 3 which shows that

-1 —A dt
exp{ — Wa,a p = €Xp <a,a>/ — =)\
-1 1t

The ancestor potential A, = exp ) h(gfl)}}(g) is a tame asymptotical function

where

in the following sense: ff(g) considered as a formal function of t§ = ¢} + dx1dan
satisfy

87“]:7(_9)
W“;O = 0 Whenever kl —+ ...+ kT > 3g — 3 + 7.

This follows from the analogous property of D%fv , from the invariance of D4,

under the string flow exp(u/z)” and from the “upper-triangular” property of R,.
We refer to Proposition 5 in [12] for the proof. It is also shown in Section 8
of [12] that for tame asymptotical functions ® the vertex operator expressions
I'?(\) ® T7%(\) ®®2 can be considered not only as series expansions in fractional
powers of A near A = oo, but also as multiple-valued analytical functions defined
over the entire range of A and ramified only on the discriminant. Moreover, the
sum in (16) is manifestly invariant under the entire monodromy group (= the ADE-
reflection group). Therefore the sum is actually a single-valued differential 1-form
on the complement to D. Thus the residue (16) at A = oo coincides with the sum
of residues at the critical values A = u; of the function f.. Our next goal is to take
u = u; and compute the residue.

In a neighborhood of A = w, the monodromy group reduces to Zy generated
by the reflection ¢ in the hyperplane orthogonal to two vanishing cycles which we
denote +/3.

First, consider the summand in (16) corresponding to a o-invariant cycle a € A.
The period vectors I&k)()\,’?') are therefore single-valued analytic functions near
A = w. In particular, lnc,, which differs from a constant by f::();qul)l Wa o 18
analytic too. We conclude that A ¢, I'¥(A) @ I7*(\) A®? has no pole at A = u.
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Next, consider a pair of cycles ay € A transposed by ¢ and having intersection
indices +1 with 8. We have oy = o £+ /2 where 0o’ = /. We use Theorem B to
replace ['7* with Fi‘/Ffﬁﬂ and then commute "% across UR exp(U/z)" using
Theorems C and D. The terms from (16) corresponding to o = a4 turn into

(17) Ndd [T @ )] (W) R/ @ w(r)ReV/)
(@)
“|-1® (Zdi g @ Alfﬁ”@)) ®1.| (DY oDFY).
+

The coefficients d+ here are

T—(u+te)l —€ 9t T—ul
d4+ = lim exp —% Wag,ag —/ — :I:/ War g+
e—0 A1 -1t A1

T-(ute) R
(15) [ Wt [ 8- [ S

T—A1 ke U—A 2t U—A 2t
We have to emphasize that all integrals here except the first one are taken along
a short path near A = u making (§ vanish while in the first integral this path is
precomposed with a loop transforming a to 3.

Let us take A = u + 1 for the base point for such a loop v+ and rearrange the
first integral as

T—(u+te)l T—A1
_/ Wars.ax _/ Wﬁﬁ"’/ Was -
Y+ 7—(u+1)1 7—(u+1)1

Combining this with W, o, = War,ar = War g + Way2,5/2 We can rewrite the
exponent in (18) as

T—(u+te)l —€ 9t T—(u+te)l
(19) —/ Waias —/ Ww—/ Ti/ Wer 5
Y+ 7—(u+1)1 -1 7—(u+1)1

T—A1 T—(u+te)l —< dt
(20) / Wat ot + / Wﬁ/zﬁ/z + / —
7—(u+1)1 7—(u+1)1 -1 2t

—€ u—A —A

o N

TR A TR Y,
The integrals in (21) add up to — f:l)‘ dt/2t and contribute A~/2 to the coefficients
dy. The sum in (20) is a function of A analytic near A = u (since o' is o-invariant)
and is the same for both cycles ay. The values of (19) may depend on the cycle
a4+ but are independent of A\. We claim that in the limit ¢ — 0 the difference is an
odd multiple of mi. Indeed, transporting a_ along the composition ”y,ﬂy;l yields
ay. On the other hand 2Wa/ 3 = Wa, oy — Wa_,a_. Thus the difference of the
two values of (19) can be interpreted as ¢ W, _ o_ along a loop 7. starting and
terminating at 7 — (u + €)1 and transporting a— to a. Let us compose it with a
small loop d. of radius € around A = u. Since oy transports along this loop back

to a_, the composite integral f,y 5. Wa_.a_ € 2miZ due to Proposition 2 and does
not depend on €. Our claim follows therefore from Proposition 4.
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We conclude that di = +do(A)A™1/2 where dy is a non-vanishing analytic func-
tion near A = u. Now we use the fact that D4, is a tau-function of the KdV-
hierarchy (14) to conclude that the factor in (17) of the form

dA LE6/2 L 2
giﬁ [ AT @ MTTR)] (D, ©Day)

is everywhere analyticin A\. The same remains true after application of the operator
(TReW/2)")®2, The vertex operator T% @ T is analytic near A = u since o is
o-invariant. Thus (17) has no pole at A = u and contributes 0 to the residue sum.

Finally, consider the summands in (15) with a = £5. Applying Theorems C
and D, we transform the corresponding summands from (16) to the form

(@)
~ N\ ®2
(\IJ(T)RTAU/,Z)) D <§ :e)\d)\(Alrgtﬁ@) Alpgﬁ) D§f> ®D§%...|,
+

where

/*5 2dt /“A 2dt /A 2dt /A 2dt Ly
e=exp — —_— - —_— - — > =expy — — = A"
ot .t St ot
The contribution of these terms to the residue sum (16) at A = u’ can be calculated
using the form (12) of the KdV-hierarchy for D4, and is equal to

16 (PReV/2))®2 10 (DEN)E2 where 1) = (.1®1® 1...).

In order to justify this conclusion, recall from the end of Section 5 that conjugation
by exp(u’/z) act as translation A — u’ — X. Also, since Dy, is tame, the vertex
operator expression in (12) yields a meromorphic 1-form in A with a singularity
only at A = 0. Thus the residue in (12) at A = oo is the same as at A = 0.

Let us summarize our computation.

Proposition 5. The residue sum (15) is equal to

3 8 N2 (N S ®2
(22) 16 (e5HwRe/) (24300 ) (D5,
i=1

7. The Virasoro operator. Functions of the form ® ® ® belong to a Fock space
which is the quantization of the symplectic space ‘H & H, the direct sum of two
copies of (H, Q). Respectively the operator

m, . D o
(23) gzﬂ:(7+k)(qk®1—1®qk)(aqz Bl-18 5,

)

in (2) is the quantization of a certain quadratic hamiltonian Q(Df,f)/2 on H @& H.

Let us describe the infinitesimal symplectic transformation D explicitly.
Introduce the Virasoro operator ly := 20, + 1/2 — p. % Since p* = —pu, the

operator ly : H — H is anti-symmetric with respect to €2, and the corresponding

6The name comes from the property of the operators l,, := lgzlpz...zlp, (z repeated m
times, m = —1,0,1,2,...) to form a Lie algebra isomorphic to the algebra of formal vector
fields x™1+19/0z on the line and participating in the formulation of the Virasoro constraints
(see [11, 14]).
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quadratic hamiltonian reads
N

(1of (~), £(2)) dz = Y2 (b g~ i (1) F 1) Y (™2 4 K)o

k>0

1

Imi >

Comparing this with (23) we conclude that

A
lo —lo

The expression (2) on the R.H.S. of the Hirota equation is proportional to
DD®2 — N®2 (M®2)—11§(M®2)(D§f\/)®2

(24) D= [ ] € End(H & H).

where M = e“M S-1W (1) R,eU7/2)" . Note that M®? is the quantization of a block-
diagonal operator

M 0 i [ =MTUGM MMM
B._[ 0 M],andB DB_[ MM MM

Proposition 6. M ~1yM = Zf\il( Arj)@),
Proof. We have
1 1 E
S(:0.+ 5 =) ST = 20, + 5 —p+ —,
since (20, + Lg)S = pS — Sp and 9,5 = 2719, ¢ S. Next, in the canonical
coordinates F = Y u'd/0u’, and therefore

1 E 1 U
a0+ 5 —pt 7’)\11 =20+ 5= V4 —, where Vi= 07 ul = 0 Ly V.

Furthermore, the differential equations 9, (¥ ReV/?) = 271(0,)(¥ReY/?) translate
into (d+¥~1d¥)R = 27}(dU R—R dU). This implies (Lg+V)R = 2~} (UR—RU),
which together with the homogeneity condition (20, + Lg)R = 0 shows that

1 U 1 U

Finally

U

1 1
e V%20, + = 4+ =)eV* = 20, + =. O
2z 2

Proposition 7. M~1igM = (Mg MY + tr jup* /4.

Proof. The quadratic hamiltonians for 20, + 1/2, 1, V,In S, (Ee)/z,U/z contain
no p2-terms, and the quadratic hamiltonians for 20, +1/2, u, V,In R contain no ¢*-
terms. Therefore, in the quantized version of the previous computation, the only
point where the cocycle C makes a non-trivial contribution is:

2t Yy h=(r- 123) +C

z
Let A=1InR, B =U/z. Then the quadratic hamiltonian of BA — AB contains no
q*-terms (since R|,—o = 1). We have therefore

e tABetA = eftA(B/Al - AB)etA = tA (BA— AB)" eh 4 C(B,A) =

d
i

dt

[e7"4(BA - AB)e]" + C(B,A) = — [e"""Be'4] " +C(B, A).
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Integrating in ¢ from 0 to 1 we find C' = C(B, A). Since A = R;z+0(z), we compute
explicitly C = tr(BA)/2 = Y, R{'u'/2.

This expression, which seems to be a function of 7, has to be a constant, and
the value of this constant is well-known to be truu*/4 (see for instance the last
chapter in [15]). For the sake of completeness we include the computation. Namely,
comparing the 2°- and z!-terms in the equation (Lg + V)R = 2~*(UR — RU) we
find V¥ = (u' —u/)RY and respectively

Ry =—LpRY =) (u'—uw)R{R' ="

J J

vy

w —ut’

Thus we have
TRVEAVEL AVAVEL
- 1Ru _ _ _ V’LJV]’L _ t
N R D

since V =9"1y¥ and V! =¥~ 1y*v. O

Remark. Slightly generalizing Propositions 6 and 7 one obtains the following
transformation formula (see Theorem 8.1 in [11]) M1, M = > AW for the
Virasoro operators with m # 0. Since (L, — 6m.0/16)Da, = 0, this implies that
D= ]\}[D%V satisfies the Virasoro constraints [, — 6pm.o tr(up*/4 + 1/16)]D = 0.
In fact this is Corollary 8.2 in [11] specialized to Frobenius structures of weighted-
homogeneous singularities.

Note that the conjugation Iy — M ~1loM of the off-diagonal blocks in the matrix
D yields after quantization M ~1gM = (M~'loM)" (since the cocycle C vanishes
on pairs of quadratic hamiltonians corresponding to block-diagonal and block-off-
diagonal operators.) Thus B~*DB = 3, 1) — tr yu* /2. Taking into account that

N(h+1) ~malh—ma) 11 1 11,
o X e GG ) =g ulg )

a

we conclude that the R.H.S. of the Hirota equation (1,2) can be written as
ME2 ( +Zl(1 D®N ®2

Comparing this with Proposition 5 we arrive at the following result.

Proposition 8. The function D satisfies the Hirota quadratic equation (1,2)
with a, = by /16.

Since D # 0, the Hirota equation is thus rendered consistent, and the following
corollary completes the proof of Theorem 1.

Corollary. The average value
h + 1)
ba
i

Note that in the proof of Theorem 1 we use neither the Virasoro constraints
for D4, nor the fact that the N factors in D® are the same. The only relevant
conditions for D4, were both forms of the K dV hierarchy and the tame property
of exp(u/z)"Da,. Thus we have actually proved the following generalization of
Theorem 1.



18 ALEXANDER B. GIVENTAL AND TODOR E. MILANOV

Theorem 2. Suppose that tame asymptotical functions ®1,...,Pn are tau-
functions of the KdV-hierarchy and remain tame under the string flow ®; —
exp(u/z)"®; for all u. Then

=D STV U(r) Ry U (9 ®...0 DY)
satisfies the corresponding Hirota quadratic equation (1 - 5).

Remark. Although the condition for ®; to remain tame under the string flow
is quite restrictive, D4, is not the only tau-function satisfying it. A large class of
examples consists of the shifts D4, (q + a) where a(z) = ag + a1z + az2? + ... is a
series with coefficients aj which are arbitrary series in A such that ag and a; are
smaller than 1 in the A-adic norm and ay — 0 in this norm as k — oo.

8. The Kac — Wakimoto hierarchies. Let us compare the ADE- hierarchies (1-

5) with the principal hierarchies of the types Ag\}), Dg\}), EJ(\}) described in Theorem
1.1 in [17]. The corresponding Hirota equation (1.14) in [17] has the form

N
d iz, em __pi/2g, ¢
Res _C Z giezmeE‘F 2ﬁ1,mh Ym G e Z'mGEJr ﬁhfmh 8ym< /mQ(X + y)@(x _ y)

=1

(25) = [20 > mym +(pp) | Px+y)2(x—y)

mek

Here p is the sum of the fundamental weights of the root system A, and the value
(p, p) = Nh(h+1)/12 can be found for instance from the tables in [5]. The index set
Ey ={my,+khla=1,...N, k=0,1,2,...}, and m denote the remainder modulo
h. The vertex operators in the sum correspond to a set of roots a;,i = 1,..., N,
chosen one from each orbit of some Coxeter element M on the root system A. The
coeflicients (3; m are coordinates of a; with respect to a basis of eigenvectors Hzy
of the Coxeter transformation M with the eigenvalues exp(2m\/—1m/h) satisfying
the additional normalization condition (Hpy, H—) = 1. 7 The coefficients g; are
defined via representation theory of affine Lie algebras. The numerical values of g;
are computed in [17] in the cases An, Dy and Eg.

In order to identify the vertex operators in (25) with those in (1,2) let us start
with taking ¢ = (hA)Y/". Then the components of the period vector Lg;l) with
respect to a suitable basis [1),] € H will have the form

(26) ISV, [a)) = Bigmg mg ™ (RA)™/".

Indeed, the weighted - homogeneous forms ¥,w/df represent a basis of eigenvectors
for the classical monodromy operator in H?(f~1(1),C). Then it is straightforward
to check that the relation

k

(27) g = [[(ma + D) tm,kn
r=0

s usual, there is a caveat in the case D; with o when the eigenvalue —1 of the monodrom

A 1, therei tin th D; with odd [ when the eig 1 1 of th dromy
operator has multiplicity 2. The involution of the Dynkin diagram induces an automorphism of
the root system which allows one in this case to single out one invariant and one anti-invariant

(a)

_7, orthogonal to each other and normalized by (H;_1, H;_1) = 1 each.

eigenvector, H l(i)l and H
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(together with the standard change x+y = t’, x—y = t” as in Section 4) identifies
the vertex operators in (25) with I'* @ I'"®. Note that replacing «; with any of
the h roots from the same M-orbit does not change the corresponding residue in
(25) since the new vertex operator would differ from the old one only by the choice
of the branch of ¢ = (hA)'/". Thus we arrive at the following conclusion.

Proposition 9. The choice of the basis {[tps] € H} such that (26) holds true
and the change of variables (27) identify the Hirota equation (1-5) with the corre-
sponding hierarchy of the form (25) provided that g; = h3a., = h3b,, /16.

Let us now compute the coefficients b,. First, rewrite the definition (11) as

(o) 4

—(u+te)
ba = lime J-e1 e Wa,a — lim H <y(5)57> <a27>2 _ <’U, OZ>4 H <I57>
e—0 S0 (W ki, ) (K, )

(raay=1

where €!'/"k, y(¢) and = are inverse images under the Chevalley map of —1, 7 —
(u+¢)1 and 7 — ul respectively, x is a generic point on the mirror (o, z) = 0 and
v is determined from the expansion y(¢) = x + &'/2v 4 o(e'/2). We will use this
formula in the case of A and D series.

Case An. The root system consists of the vectors v;; := e; — e; in the space
CN+! with the standard orthonormal basis eq, ..., ey and coordinates z, ..., 2x.
Take
SN+1 N

+t 2N bty = —2).
EIE NTNtI O(Z %)
Let « = e, —ep, and let t = 7 —ul be a generic point on the dlscriminant. Then the
components y; () = x;+&'/?v; +ew; +o(e) (where z, = 1) satisfy F(y;, t—e1) =0
and therefore

F(z,7)=

2

% + o(e).

We have F(x;,t) =0 for all ¢ and F'(z;,t) =0 for i = a,b. This implies that v; =
2/F"(24,t) for i = a,b and hence (a,v) = £21/2/F"(x,,t). Thus {a,v)* =
64/F"(x4,t)%. On the other hand,

1 (N DF (@, )\
H <x7 N H '_xa —(_I)N ( B ) .

(v,a)=1 i#a,b

£ = F(xi,t) + F'(xi, ) ?y; + F' (25, )ew; + F"' (x5, t)e

The eigenvector k = (N41)YN+D (1, 9,72, ..., nV=1) of the Coxeter transformation
(205 .-y 2N) > (21, ..y ZN, 20) With the eigenvalue n = exp 2mi/(N + 1) is a preimage
of t = —1 under the Chevalley map. We find 8
(r,0)* I (k.7) = (N +1)° ") T[0* =) [ = ") =
(a,y)=1 j#a i#b
DYV + DA =Pyt = (DY TN D2 -t =),
Collecting the results we find
16
(N+1)?@2=n*=t =nt=2)

bo =

8We use here the facts that the product [Thra(C— e2mk/n) over all n-th roots of unity except

¢ = e2™a/" g equal to the derivative of 2™ — 1 at z = (, i.e. to n/¢.
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This agrees with Theorem 1.2 in [17] where g; = (N +1)/(2—n" —n~") corresponds
to a; = eg — e;. In particular

N
ng:N+1 dn=2( Ty _ NIV 4 DV +2)

4 N+1 12

k=1
The middle expression is a special case of Dedekind sums, and the second equality,
which follows from our results, is well known in number theory (see i.g. [4]).

Case Dy . The root system consists of the vectors te; +e; , i # j, where ey, ...en
is the standard orthonormal basis and (z1, ..., zy) are the corresponding coordinates
in CV. The parameters (t1,...,ty) in the following family of polynomials

N

F(z,t) = 22V 4 1022V 72 44322V 4 p N2 413 = H(z2 )

i=1
are identified with coordinates on the Chevalley quotient CV /W. Note that the
invariant ¢y of degree h = 2N — 2 is the coefficient at z2. Let us assume that
x is a generic point on the mirror z, + z; orthogonal to the root o = e, F ep,
and that t is the corresponding point on the discriminant, so that z, = +x; and
F(£x4,t) = F'(+x4,t) = 0. Taking y;(g) = x; +*/?v; + ew; + o(¢) and expanding
F(y(e),t1,....,tx — 1,ty —e) = 0 in € we find

2

ex? = F(xg, t) + F'(zi,t) (%0 + ew;) + F" (x4, t)s% + o(g).

Thus v, = /222 /F"(x4,t), vy = F/202/F"(24,t) and (o, v)* = 6422 /F"(z,,1)2.
Furthermore,
F'(z,0)|oma, = 2)_[[G? —ad) +422 Y [ (22 = ad)]oma, =822 [[ (2 —23).
a i#a a#b i#a,b i#a
Using this we find
N2 F(2a, )"

I1 @)= [ @2 -ad) [T GOe? - af) = Y22

(a,y)=1 Jj#a,b i#a,b
Next, the eigenvector x = (1,7, ...,7V~2,0) of the Coxeter transformation
(21, s 2N) = (22, 0y 2N -1, =21, 2N)
with the eigenvalue nn = exp wi /(N —1) is mapped to (t1,...,tx) = (0, ...,0, 1) under
the Chevalley map. Assuming first that o = e, F e, with a,b < N we find
o)t T e = 0t =) PGt T 0 — ) — o) =
(a,y)=1 i#a,b,N
a b\2 2 a—b b—a
(n* £n")? ORI S
Combining with the previous formulas we compute
1 (2 + 77afb + 77bfa)
(N _ 1)2 (2 T 77afb T 77bfa)
Now let a = e, F en. Then

()t T o) =n" [ 0P =" (") = ()N (N = 1)

(a,y)=1 i#a,N

bo =

for a=e, Fep.




SIMPLE SINGULARITIES AND INTEGRABLE HIERARCHIES 21

and therefore b, = 1/(N — 1).
Taking the representatives
Q1 =€EN-1 — €1, ..., ANy, = EN—1 — EN-2, AN-1 =EN—1 —EN, QAN = €EN-1 T EN
in the orbits of the Coxeter transformation on A, we find
N-1)2-nt—nt N —1)2
gi = ( )@= =) iy N2, and g; = W= i N_1, N,
2 24n+n7Y 2
The identity Y gr = (N — 1)N(2N — 1)/6, which follows from our general theory,
agrees with the value of the Dedekind sum ?

=2,k N —2)(2N -3

3

In the case N = 4 the values g; = 1/2,9/2,9/2,9/2 agree with the values of g;
found in [17], Proposition 1.3(a).

Cases En. We find g; using the packages LiE and MAPLE to compute the
ratios via (5) and then apply the normalizing relation (3). In each case En, let
ajq, ..., an be the simple roots and M be the Coxeter transformation described by
the following diagrams:

(65} Qa3 Qg4 (0759 (675

[ ] — [ ] — [ ] — [ ] — [ ]
° M = 010406020305,
Qa2

(e5] Qa3 (%] (6759 (675 (074

[ ] — [ ] — [ ] — [ ] — [ ] — [ ]
° M = 01040602030507,
a2

a1 ag % a5 a6 ar ag

[ ] — [ ] — [ ] — [ ] — [ ] — [ ] — [ ]
° M = 0104060802030507.
(6%)

One can check (i.g. using LiE) that all simple roots a1, ..., an belong to different
M-orbits. The following tables represent the values of the corresponding coefficients
gi; while the values of b,, can be obtained from them as in Proposition 9.

Case Eg. We have b,, = g;/108, where
g1 =06 =16+8V3, g3 =95 =16 —8V3, go =T+4V3, g4 =7 —4V3.
This agrees with the values of g; found in [17], Proposition 1.3(b).

Case E7. We have by, = 2¢;/729. Put u = cos(7/9). Then
147

27 225 3
n=75 + 36u 4 24u?, gy = = + 36u — 144u?, g3 = 5 9= 5 + 12u — 96u?,

9 21 9
9525—72u+72u2, 96:—?—48u+72u2, g7:§+36u+72u2.

91t is essentially the same one as in the A-case since sin™ 2z — 1 = cot? 2 = tan?(7/2 — z).
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Case Eg. We have b,, = 29;/3375. Let u = cos(mw/15). Then

g = % + 80w 4 72u? — 16u>, go = ? + 132u — 136u* — 128u?,
g3 = —% +568u + 376u? — 912u3, g4 = % — 368u — T2u? + 4003,
gs = ? + 584u — 376u? — 624u3, gg = g — 1220u — 232u? + 137603,
g7 = —32—5 + 156w + 136u? — 25613, gs = —g + 68u + 232u® + 160u> .

9. Open questions. (a) The formula (9) defines the total descendent potential
D as an asymptotical function of q = qg + q1z + ... with semisimple qg. As it
is shown in [12], Theorem 5, the function D4, extends to arbitrary values of qq
without singularities. We expect the same for Dp, and Dg, but leave this issue
open.

(b) B. Dubrovin [7] associates to a Frobenius manifold a dispersionless inte-
grable hierarchy. In particular, the hierarchy (1,2) for asymptotical functions
® = exp(FO /h+FD 4 ...) admits the dispersionless limit as i — 0 which is an in-
finite system of equations for F(°). It is not hard to show that F satisfies the disper-
sionless hierarchy if and only if the Gaussian distributions ® = exp{d2F(q)/2h}
(where d2F is the quadratic differential of F at x) satisfy the original hierarchy
(1,2) for all x. An elegant explicit characterization in terms of the semi-infinite
Grassmannian of those Gaussian distributions which satisfy the hierarchy of the
type Ap is given in the appendix to [12]. It would be interesting to generalize the
characterization to the cases Dy, En.

(c) Theorem 1 implies that the genus 0 descendent potential F(©) = limy_o AlnD
satisfies the corresponding dispersionless hierarchy. The quadratic forms d2F (0)(q)
depend only on N parameters 7 = 7(x) (due to the property (%) of the cone
£ = graphdF©) and have the following explicit description (see Appendix in

[12]): a
/0 S (1S =)a(=)lo o [Su(2)al=)]o, die) dee,

where [S(2)q(2)]o = Soqo + S1q1 + ... denotes the z°-mode. The corresponding
Gaussian distributions satisfy therefore the hierarchy (1 — 5). Taking 7 = ul so
that [S;qlo = Y. qru¥/k! we conclude that in particular the hierarchy has the
1-parametric family of Gaussian solutions

1 [ vk vt
® = exp % J, (quE,ZqT) dv

k>0 >0

This imposes non-trivial constraints on the coefficients a, in the Hirota equation
(1). It would be interesting to find out if these constraints are sufficient in order to
determine the coeflicients unambiguously.

(d) Our computations in Section 8 confirm the Conjecture from Section 1 in
the cases Ay, Dy, Fg and leave it open in the cases Dy with N > 4, E; and
Es — mostly because the values of the coeflicients ¢; in the Kac — Wakimoto
theory remain unknown. A more conceptual approach to the identification of the
Hirota equations should rely on the definition of the coeflicients g; given in [17] in
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terms of representation theory. Namely, the vertex operators Cl-il“io‘i participate
in the so called principal construction of the basis representation of the affine Lie
algebra AN, ﬁN or B N, and g; = C;L C; . Here C’ijE are certain structure constants
whose values remain generally speaking unknown. Our successful description of
the products C;L C; via the phase forms suggests that one should look for the
intrinsic role of the phase forms in representation theory and for a description of
the individual coefficients C" in terms of the phase forms or their generalizations.

(e) In representation theory, the hierarchies of the ADE-type form only a part
of a larger list of examples including twisted versions of the affine Lie algebras and
non-simply laced Dynkin diagrams. It would be interesting to find the correspond-
ing constructions in singularity theory and, in particular, to associate the Hirota
equations to the boundary singularities By, Cn, Fy.

(f) B. Dubrovin and Y. Zhang [9] associate an integrable hierarchy to any
semisimple Frobenius manifold. In a sense their construction is parallel to the
definition (9) of the total descendent potential D (see [11]) and in particular yields
objects defined in the complement to the caustic. In this regard the vertex operator
description of the hierarchies seems more attractive as it is free of this defect. Of
course, the ADE-hierarchies (1 — 5) are expected to be equivalent to the hierarchies
of Dubrovin — Zhang. It would be interesting to confirm this expectation.

(g) Conjecturally, the total descendent potential D extends analytically across
the caustic values of qg in the case of K. Saito’s (semisimple) Frobenius structure
corresponding to any isolated singularity. (By the way, this is known to be false for,
say, boundary singularities or for finite reflection groups other than Ay, Dy, En.)
Respectively, one should expect the same for the hierarchies of Dubrovin — Zhang.
It would be very interesting to give a vertex operator description of the hierarchies
together with Theorem 1 for arbitrary (or at least weighted - homogeneous) isolated
singularities of functions. The most obvious difficulty is that the vertex operator
sum (1) over the set of all vanishing cycles (or even orbits of the classical mon-
odromy operator on this set) becomes infinite beyond the ADFE list. Nevertheless
we believe that the obstructions can be removed by an appropriate generalization of
the concepts involved. The first examples to study here would be the unimodal sin-
gularities Pg, Xg, J1g (see [1]). Their miniversal deformations are closely related to
the complex crystallographic reflection groups Eg, Er, Eg (see [19]). Moreover, the
question can be extrapolated to the complex crystallographic groups Ay, Dy, and
the 3-dimensional Frobenius manifold to be called A; represents the first challenge.
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