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ABSTRACT. We present here the K-theoretic version of mirror
models of toric manifold.

First, we recall the construction [3] of mirrors for toric man-
ifolds, i.e. representations of toric hypergeometric functions by
complex oscillating integrals. Then we repeat the construction
in the K-theoretic situation and obtain complex oscillating inte-
grals representing g-hypergeometric functions of toric manifolds,
bundles, and super-bundles. Finally, we examine the Lagrangian
varieties parameterized by critical points of the phase functions of
the oscillating integrals.

HORI-VAFA MIRRORS

According to the Berry Principle', it is a sin to name inventions after
their authors. To our defense, Hori-Vafa mirrors [8] were introduced
in [3], and here is how.

To a toric manifold X = CV//,T¥ one can associate the H*(X,Q)-

valued hypergeometric series

7H — ZQngT__OO p)—’l“Z)’

dEZK T——OO (p) - TZ)

where w;(p) = pymqy; + -+ + pgmgj, j = 1,..., N are cohomology
classes of toric divisors expressed in a basis {p,...,px} of H*(X,Z),
and Q7 = fl e Qf{ are Novikov’s monomials representing degrees d
of holomorphic spheres in X in the dual basis of Hy(X,Z). The series
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satisfies a certain system of K differential equations, i =1,..., K:
mi;—1
H H (mij(ps — 2Qi0g,) +12) I =
Jjim;;>0 r=0
—M4j—

H H (mij(ps — 2Qi0g,) +12) IX.

jim;;<0 r=0

As it is explained in [3, 4] (and in Part V), both the series I and
the D-module it generates are by-products of a heuristic approach to
Sl-equivariant Floer theory. For toric manifolds X obtained by fac-
torization of the same space CV by various subtori 75 c TV of the
maximal torus, the S'-equivariant Floer theories are related to each
other in such a way that all the series I can be expressed by complex
oscillating integrals with the same phase function (“superpotetial”).
This is how this was done in [3].

Compute the function ¥ in the extreme case X = CV//TN = pt,
corresponding to the identity matrix m = (m;;), and K = N. We use

Z1,...,xy in lieu of @Qq,...,Qn, and take in account that u; = p; =0
in H*(pt):
H _ D =— - x;i/z
Ipt_z H T 00( ZH DD|_€Z]/'
DezZN rf—oo dez j= 1

Theorem 1 (see [3]). The following complex oscillating integral

IH:/ - =S wj)z dlnz; N---Ndlnzy
X FC{ 12" =Q; } dlnQ, A AdIn Qg
i=1,... K

represents all solutions to the PDE system, 1 =1,..., K:
mi;—1

H H TZ—Zm”leaQ ¢ =
Jimg; >0 r=0
—Myj—

H H rz — Zm,]ng@Q ZH

jim;; <0 r=0

Remarks. (1) The system for Z¥ is written in the usual scalar repre-
sentation of differential operators, while the system for IZ was written
in a vector representation, in which —z@);0g, acts on functions with val-
ues in H*(X) by p; —2Q,0q,, where p; is the operator of multiplication
in H*(X). Otherwise the differential systems are the same.
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(2) The cycles I" here are non-compact Lefschetz thimbles, to be
constructed by ascending gradient flow for the real part (for z > 0)

of the Morse function ) x; under the constraints []; x;n” =Q; 1=
1,..., K. The number of independent cycles is equal to the number of

critical points and agrees with the rank of the differential system, but
exceeds, generally speaking, the dimension of H*(X). This is because
the mirror integral and the differential system depends only on the
subtorus T C T% but (unlike the series %), not on the choice of
a chamber of regular values w of the moment map. To select critical
points and thimbles relevant for a given X, one needs to let “quantum
parameters” () degenerate in such a way that Q¢ — 0 when d lies in
the Mori cone of X, and ignore those critical points which in this limit
escape to infinity. This will become more clear when we compute the
critical points.

(3) Similar mirror formulas can be written for toric bundle spaces
E — X [6], super-bundles IIE [5, 6], and a certain class of toric com-
plete intersections [4, 5]. We will touch upon these in the context of
K-theory.

TORIC MIRRORS IN K-THEORY

We retrace our steps in the K-theoretic context.
Take the toric ¢g-hypergeometric function

K d al ng—oo(l - Uj(P)Aj_lqr)
el 200 - Ui(P)IA )

dezk J

We recall from Part V that it takes values in the ring K°(X), which
is multiplicatively generated by line bundles P, ... Py with ch(F;) =
e Pi, that U; are line bundles corresponding to the toric divisors —u;,
and that they satisfy multiplicative relations and Kirwan’s relations
expressed respectively as

K
U(P)=][P"™, j=1.....N, and [J(1=U;) =0if [Ju; =0.
i=1 jer jer
Now compute /¥ in the extreme case X = CV//T:

D D
IKI Z Xll...XNN :€Zk>OZ§V:1X]k/k<1_qk)
pt N D; R :
Dezl Hj:l [[2:(1—q)
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Theorem 2. The following complex oscillating integral

76 _ / S0 X, XE/R(L = ) Ay dInX;
X = X =) ¢ ! TN
{ I1; X; i } Niz1 dInQ;
i=1....,K

satisfies the system of q-difference equations, i =1,..., K:

mij—

H H ’I“Z/'ITLIQ 8@,)1-;((:

jim;;>0 r=0

—M4;—

@ ]I H 1 — g g M%) K.

]m”<0 r=0

Remark. It is straightforward to check that the K°(X)-valued g-
hypergeometric series I¥ satisfies the same equations, except that the
translation operators ¢¥%@: act in the vector representation by the
composition P;¢?%: of translation and multiplication by P;.

Proof. We have
g X% Xroo XM= — (1 X) Xm0 X /R1-d"),
and consequently for » > 0
(1 — ¢ "g¥9x) X eXr>o0 XE/k(1=¥) _ xr+1 gm0 X k(=)

Therefore for each i =1,..., K

mgj—
'r X ax mi; 1K
H H pt - H X ‘[pt7
jimi; >0 r=0 m;; >0
—Mmj—
—7" X dX —My K
11 H =@ [T %™ 5
Jim;;<0 r=0 m;; <0

which are the same under Batyrev constraints In@Q; = > ;M In X;.
Note that the volume form is translation-invariant, and that X;0y;
projects to > . m;;jQ;0q,. The result follows. O

For the sake of completeness, let us include formulas for toric bundles
and super-bundles. Let V,, a = 1,...,L be negative line bundles,
V, = Hfil Pil"“, and £ = @®,—1V,. Under these assumptions, the g¢-
hypergeometric functions of Part V, namely Ip and Ipg- (note the
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dual) have well-defined non-equivariant limits:

Ip=3Y @ H g’”‘w(l —

))
deZK r=-—00 (P>) a=1 r=0
STl A -qU(P)
e = 2, @ Hnr_oou— o,y L L=,

where A, (d) = Zi:l d;l;,, and the sums effectively range over d within
the Mori cone of X. To save space, we write out the systems of K
q—difference equations (i.e. i =1,...,K), for Ig:

mi;— lia—1

11 H —ae T = QT T -ttt
j a r=0

and for IHE* :
mu

H H —r E/m/ #0Q, VI = Q’HH —r Eullla /aQi/)I7

a r=1

followmg two conventions. Firstly, they are written in the scalar rep-
resentation, i.e. ¢@i%e: acts on I and Iyp- by P,g%%:. Secondly, the
products of the form [["' should be interpreted as [T /TT.2_ ..,
and when m < 0, turn therefore into H;:m of inverse operators. To
avoid inverses, one should move such factors to the other side of the
equations, commuting them correctly across @; if needed (as we did
above in the formulations of the theorems).

The K-theoretic mirrors for £ and IIE* are solutions to the above
g-difference systems in the form of complex oscillating integrals

din X; A\E_ diny,
AL dinQ;

din X; \E_, ay,

A1 dInQ;

Y

N
1k :/ e2k>0(2; XF—qF 32, V) /k(1—4%) /\J’=1
FC)?Q

AY
IHE* = / ezk>0(zj X_;C_qk Za Yak)/k(l_qk) j=1
FC)?Q
over Lefschetz’ thimbles in the tori

N L
)?Q - {(X>Y> < (CX)N+L HXJmZ] :QiHYaLlia>i: 17"‘7K}'
j=1 a=1

D,-MODULES AND QUASICLASSICS

A complex oscillating integral Z(Q)) = f7 efe@/zqy, is set by a phase
function fg and a volume form dvg, both depending on parameters ().
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In the quasiclassical limit, i.e. as the wave length parameter z tends
to 0, the asymptotical expansion of such integrals has the form

olalaen)/
n/2 ..
22 ———— X (power series in z),

A(e)
where ., is a critical point of the phase function, A(z,,) is the Hessian
of fo with respect to the volume form at the critical point, and n is
the dimension of the integral. These geometric data are parameterized
by critical points of the functions in the family. They naturally live on
the Lagrangian variety L C T*B generated (in Arnold’s terminology)
by the family fg in the cotangent bundle of the parameter space:

L={(p.Q) €T"B | Fzer : p=dofo(zer)} -
Let us compute such Lagrangian varieties for Hori—Vafa mirrors of toric
manifolds, first cohomological, and then K-theoretic.
We have the function ;x; under the constraints > jmilnz; =
InQ@;,:=1,..., K. Introducing Lagrange multipliers p; and the auxil-
iary function of (z,p):

N K N
ZIJ’ — Zp, (me lan — IDQZ> y
j=1 i=1 j=1

and find the critical points

K
zj = u;(p) = Zpimija Jj=1L... K
i=1
This describes L as a Lagrangian variety with respect to the action

1-form a0 10
1 K
D1 O, Pk Ox

given by Batyrev relations*[1]:

L= {(ZLQ) ‘ Qi = Hu]@)mj}

More precisely, as when all (); # 0, these are equivalent to the defor-
mations of Kirwan’s relations in the quantum cohomology algebra of
X.

Let us now turn to K-theory. Note that, though ¢ = e* tends to 1 as
z tends to 0, the integral is also “oscillating” whenever g tends to any

2They first appear in the 1992 preprint [2], where the multiplicative structure on
Floer homology of toric manifolds CV //T¥ was studied by means of discretization
of loops in CV.



MIRRORS 7

root of unity. So, we examine the stationary phase asymptotics near
g = (71, where ( is a primitive m-th root of unity. We single out the
fast-oscillating part of the phase function in the integral:

SISy X
/ el-a &>0 2j Pm? (Amplitude regular at ¢ = (') x (Volume).
I'cXq

The auxiliary function with Lagrange multipliers p; is

Xm
ZZ 127{”2 - Zpi (Zmij lan — thi) )
i J

>0 g
We compute the critical points: for j =1,..., N,

Xxim
Z l?% B sz‘mij = u;(p), or In(1- ij)_l/m = 1u;(p).

>0

Recalling the K-theoretic notation P, = e 7, U;(P) = [[, P*, we find
that the critical points parameterize Lagrangian variety

Ly, = {(P, Q) ‘ Qr =JJa-uvrPp)ymi, i= 1,...,K}
J
in the complex torus with the symplectic structure
b 4@ P dQk
P Pr Qg
There are several conclusions to draw.

(i) For m = 1, the Lagrangian variety is given by “quantum” defor-
mations of Kirwan’s relation in K°(X).

(ii) Stationary phase asymptotics at different roots of unity exhibit
self-similar behavior: L,, is the inverse image of L; under the Adams
map V™ : (P,Q) — (P™, Q™).

(iii) Lagrangian varieties L, live in the symplectic torus (rather then
the cotangent bundle space) which is a natural home for symbols of ¢-
difference operators.

In view of these toric examples and their properties, three general
problems arise: To develop a general theory of characteristic varieties of
D, -modules, to describe the class of complex oscillating integrals which
exhibit self-similar behavior when the spectral parameter approaches
the roots of unity, and to include K-theory into the philosophy of mirror
symmetry.
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